Global applications of relative (v?, r)-modules I 
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Abstract In this paper, given a smooth proper scheme X over a p-adic dvr and a 
. p-power torsion etale local system L on it, we study a family of sheaves associated 

' to the cohomology of local, relative (95, r)-modules of L and their cohomology. As 

' applications we derive descriptions of the etale cohomology groups on the geometric 

generic fiber of X with values in L, as well as of their classical (93, r)-modules, in 
' terms of cohomology of the above mentioned sheaves. 

O 

m ! 1 Introduction. 

Let p be a prime integer, K a finite extension of Qp and V its ring of integers. In 
[Fo], J.-M. Fontaine introduced the notion of r)-modules designed to classify p-adic 
| 7 | ■ representations of the absolute Galois group of K in terms of semi-linear data. More 
. precisely, if T is a p-adic representation of Gy, i.e. T is a finitely generated Zp-module 
. (respectively a Qp- vector space of finite dimension) with a continuous action of Gy, one 

associates to it a r)-module, denoted Dx/(T). This is a finitely generated module 
over a local ring of dimension two Av^ (respectively a finitely generated free module 
^ , over By := Av^ Qp) endowed with a semi-linear Frobenius endomorphism 99 and 
Cn| ! a commuting, continuous, semi-linear action of the group Vy '■— Gal{K{iJLpoc) / K) such 
^ \ that (Dv^(T),(/?) is etale. This construction makes the group whose representations we 
O \ wish to study simpler with the drawback of making the coefficients more complicated. 



It could be seen as a weak arithmetic analogue of the Riemann-Hilbert correspondence 
O \ between representations of the fundamental group of a complex manifold and vector 
' bundles with integrable connections. The main point of this construction is that one 
may recover T with its Gv^-action directly from Dy(T) and, therefore, all the invariants 
which can be constructed from T can be described, more or less explicitly, in terms of 
^ ■ Dv'(T). For example 

■ (*) one can express in terms of T)y{T) the Galois cohomology groups W{K^T) = 

ff(Gv,T)ofT. 

More precisely, let us choose a topological generator 7 of Ty and consider the complex 

C*(T) : DviT) Dv{T) © Dv(T) DyiT) 

where dQ{x) = ((1 — (/?)(x), (1 — 7)(x)) and (ii(a, b) = (1 — 7)(a) — (1 — (/j)(^>). It is proven 
in [He] that for each z > there is a natural, functorial isomorphism 

ff(C'(T)) ^W{Gv,T). 
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Moreover, for i — 1 this isomorphism was made exphcit in [CC2]: let [x, y) be a 1-cocycle 
for the complex C*{T) and choose 6 e A <^Zp T such that {(f — 1)(6) = x. Define the 
map Cf^^^y) :Gv — ^ A (8)7^, T by 

C(,,^)(a) = (a'-l)/(7-l)y-(a-l)6, 

where a' is the image of a in Ty- One can prove that the image of C(^x,y) is in fact 
contained in T, that C(^x,y) is a 1-cocycle whose cohomology class [C(2;^y)] G H^(Gv,T) 
only depends on the cohomology class [{x,y)] G H^(C*(T)). Moreover, the isomorphism 
Hi(C*(T)) ^ Hi(Gy,T) above is then defined by [{x,y)] — ^ [C^a^^y)]. 

As a consequence of (*) we have explicit descriptions of the exponential map of Perrin- 
Riou (or more precisely its "inverse" (sec [Fo], [Ch], [CC2]) and an explicit relationship 
with the "other world" of Fontaine's modules: DdR(T), Dst(T), Dcris(T) (see [CCl], [Be]). 
Despite being a very useful tool, in fact the only one which allows the general classi- 
fication of integral and torsion p-adic representations of Gv^, the ((/?, r)-modules have 
an unpleasant limitation. Namely, Dv^(T) could not so far be directly related to geom- 
etry when T is the Gy-representation on a p-adic etale cohomology group (over K) of 
some smooth proper algebraic variety defined over K. Here is a relevant passage from 
the Introduction to [Fo]: "II est clairc que ccs constructions sont des cas particuliers 
de constructions bcaucoup plus gcncralcs. On doit pouvoir remplacer les corps que I'on 
considere ici par des corps des fonctions de plusieurs variables ou certaines de leurs 
completions. En particulier (i) la loi de reciprocite explicite enoncee au no. 2.4 doit 
se generaliser et eclairer d'un jour nouveau les traveaux de Kato sur ce sujet; (ii) ces 
constructions doivent se faisceautiser et pent etre donner une approche nouvelle des 
theoremes de comparaison entre les cohomologies p-adiques;" 

The first part of the program sketched above, i.e. the construction of relative ((/?, F)- 
modules was successfully carried out in [An] (at least in the good reduction case). The 
main purpose of the present article is to continue Fontaine's program. In particular 
various relative analogues, local and global, of (*) are proven. 

Let us first point out that in the relative situation, over a "small" -F-algebra R (see 
§2) there are several variants of ((/?, r)-module functors, denoted '^r{~) (arithmetic), 
Dit(— ) (geometric), (tilde-arithmetic), Dij(— ) (tilde-geometric) and their over- 

convergent counterparts 2)jj(— ),d|j(— ),dJj(— ) and dJj(— ). For simplicity of exposition 
let us explain our results in terms of £)ii(— ) and 2)ij(— ). 

I) Local results. This is carried on in §3 together with the appendices §7 and §8. Let 
Rhe a "small" F-algebra and fix r] a geometric generic point of Spf(i?). Let M be a 
finitely generated Zp-module with continuous action of Qr :— tt"^^ (Spm(i?K, 77)) and 
let D := Dr{M). Then D is a finitely generated A/^-module endowed with commuting 
actions of a semi-linear Frobenius (/? and a linear action of the group Fr (see §2.) As in 
the classical case, F^; is a much smaller group that Qr. It is the semidirect product of 
Fy and of a group isomorphic to where d is the relative dimension of R over V. 
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Let C*(r/j,D) be the standard complex of continuous cochains computing the con- 
tinuous Fj^-cohomology of D and denote T^(D) the mapping cone complex of the mor- 
phism ((/? — 1): C*{Tji, D) — > C*(rfl, D). Then, Theorem 3.3 states that we have natural 
isomorphisms, functor ial in R and M, 

HL„,(^?h, M) ^ (r^*(D)) for all i > 0. 

The maps are defined in §3 in an explicit way, following Colmez's description in the 
classical case. The input of Fontaine's construction of the classical ((/?, r)-modules was 
to replace modules over perfect, non-noetherain rings with modules over smaller rings: 
"C'est d'ailleurs [...] que j'ai compris I'interet qu'il avait a ne pas remplacer A;((7r)) par sa 
cloture radicielle" Indeed, "[...]ceci permet d'introduire des techniques differentielles" . 
Motivated by the same needs, in view of applications to comparison isomorphisms, we 
show in appendix §7 that one can replace the module Dfi{M) over the ring Aj^, which is 
not noetherian, with the smaller {(p, rij)-module 'Dr{M) C 'Dr{M) over the noetherian, 
regular domain of dimension d+ 1. We show that the natural map 

K,r^t{^R, ^r{M)) > Konti^R, ^ r{M)) for aU i > 

is an isomorphism. The proof follows and slightly generalizes Tate-Sen's method in [Br] . 
In particular, one has a natural isomorphism 

KontiGR. M) - ff (r^-(S)«(M))) for aU i > 0, 
where (2)ij(M)) is the mapping cone complex of the map {(p — 1):C'{Tr,'Dr{M)) 

C'{rR,^R{M)). 

II) Global results. This is carried on in §4, §5, §6. The setting for §4 and §5 is the 
following. Let X be a smooth, proper, geometrically irreducible scheme of finite type 
over V and let L denote a locally constant etale sheaf of Z/p*Z-modules (for some 
s > 1) on the generic fiber Xk of X. Let X denote the formal completion of X along its 
special fiber and let X'j^^ be the rigid analytic space attached to X^- Fix a geometric 
generic point ry = Spf(CA') and set L the fiber of L at ry. 

To each U ^ X etale such that U is affine, U = Spf(i?i^), with Ru a small F-algebra and 
a choice of local parameters (Ti, T2, . . . , T^) of Ru (as in §2) we attach the relative (</?, F)- 
module Sw(L) := ^^^^(L). However, the association U — > !Dw(L) is not functorial 
because of the dependence of Sw(L) on the choice of the local parameters. In other 
words the relative ((^, r)-niodulc construction does not sheafify. 

Nevertheless due to I) above, for every i > 0, the association U — > H*(7^^(L)) is 
functorial and we denote by 7i*(L) the sheaf on A"^* associated to it. In §4 we prove 
Theorem 4.1: there is a spectral sequence 

Ef'^ = H«(A'^*,7i^'(L)) =^ B.P+'i{{XKT\'L). 

We view this result as a global analogue of (*): the etale cohomology of L is calculated 



3 



in terms of local relative (<^, r)-modules attached to L. 

The proof of Theorem 4.1 follows a roundabout path which was forced on us by lack of 
enough knowledge on etale cohomology of rigid analytic spaces. More precisely, for an 
algebraic, possibly infinite, extension M of contained in K, Faltings defines in [Fa3] 
a Grothendieck topology Xm on X (see also §4). The local system L may be thought of 
as a sheaf on Xm and it follows from [Fa3], see 4.5, that there is a natural isomorphism: 

(**) ff(XM,L)-ff((XM)^*,L), 

for all z > 0. The main tool for proving (**) is the result: every point x e Xk has 
a neighborhood W which is K(7r, 1). Such a result, although believed to be true, is 
yet unproved in the rigid analytic setting. Therefore the proof of Theorem 4.1 goes as 
follows. We define the analogue Grothendieck topology Xm on X, prove that there is 
a spectral sequence with E^''^ = H«(A'^*, ^^^(L'^^f )) abutting to Hp+'?(Xm, L'^*^), then 
compare (Xm,L) to ff(XM,L"g) and ff((XK)^*,L) to ((X^^)^*, L"s) and in the 
end use Faltings 's result (**). 

In §5 we introduce a certain family of continuous sheaves which we call Fontaine sheaves 
and which we denote by 0_, TZ(^0_), A^f{0_). There are algebraic and analytic variants 
of these: the first are sheaves on Xm and the second on Xm- We would like to remark 
that the local sections of the Fontaine sheaves are very complicated and they are not 
relative Fontaine rings. Continuous cohomology of continuous sheaves on Xm and Xm 
respectively is developed in §5. As an application a geometric interpretation of Dv{Ti), 
where Ti = H*((X;^)^*, L), for L an etale local system of Z/p*Z-modules on Xk as 
above is given. More precisely, it is proven in §5 that there is a natural isomorphism of 
classical (<^, r)-modules: 

{Xk^ , A+f (p^^^ ) ) - (H^ {{X^Y\ L) ) . 

Finally, in §6 we relax our global assumptions. Now X denotes a formal scheme topo- 
logically of finite type over V, smooth and geometrically irreducible, not necessarily 
algebrizable, and X"^^ denotes its generic fiber. 

In §6 we set up the basic theory for comparison isomorphisms between the different 
p-adic cohomology theories in this analytic setting. Our main result is that, if L'''^ ig ^ 
p-power torsion local system on X^^ and is one of the analytic Fontaine sheaves 

on Xm listed above, then the cohomology groups H*(Xm, U^^®A^°'^*) can be calculated 
as follows. Let us first recall that we fixed a geometric generic point r] = Spf (C^-), where 
Cat is a complete, algebraically closed field which can be chosen as in §5. For each etale 
morphism lA — > X such that lA is affine, lA = Spf{Ru) with Ru a small ^/-algebra, let 
Rk denote the union of all normal i?i^-algebras contained in C;f which are finite and 
etale over Rn after inverting p. Let A^°^^{Ru^K) denote the Fontaine ring constructed 
starting with the pair {Ru, Ru) as in [Fo] and denote by L, as before, the fiber of L''^^ 
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at rj. One can show that the association U — > H'(7r"'^(WM5 r]),L(^ A^°'^*{Ru ® K)) is 
functorial and denote TV'j^ilJ^^ ® A^°'^^) the sheaf on X'^^ associated to it. 

Let us notice that, due to the generahzed Tate-Sen's method of §7, if J\F°^^ = 
^tni^^XM^ '' inflation defines an isomorphism: 

Hence, the sheaf Wj^ {iJ'^s ® ^hif )) defined locaUy in terms of F-cohomology 
of relative (</?, r)-modules. 

It is proved (Theorem 6.1) that there exists a spectral sequence 



At this point we would like to remark that our results in §6 are distinct from those of 

Faltings in [Fal] , [Fa2] , [Fa3] . Namely let us consider the following diagram of categories 

and functors: - ^ m * 

SMXm)^ Sh(A'^*)N 

Sh(A'^*) ^ ' < AbGr 

where if C is a Grothedieck topology then we denote by Sh(C) the category of sheaves 
of abelian groups on C and by Sh(C)^ the category of continuous sheaves on C (see §5). 
We also denote a = lim^;;^ jvf^^< and /3 = limH'^(A"^*, — ). 

We analyze the spectral sequence attached to the composition of functors: H'^(A:"^*, — ) o 
lim(?j;f ,M,*)^ while it appears, although very little detail is given, that Faltings considers 
the composition of the other two functors in the above diagram (in the algebraic setting). 
We believe that our point of view is appropriate for the applications to relative (</?, F)- 
modules that we have in mind. 

The analysis in §6 and the spectral sequence (* * *) have already been used in order 
to construct a p-adic, over convergent, finite slope Eicher-Shimura isomorphism and to 
give a new, cohomological construction of p-adic families of finite slope modular forms 
in [IS]. 

In a sequel paper ("Global arithmetic applications of relative ((/?, F)-modules, 11") we 
plan to first extend the constructions and results in §6 of the present paper to formal 
schemes over V with semi-stable special fiber and use them in order to prove compari- 
son isomorphisms between the different p-adic cohomology theories involving Fontaine 
sheaves in such analytic settings. We believe that we would be able to carry on this 
project for spaces like: the p-adic symmetric domains, their etale covers (in the cases 
where good formal models exist), the p-adic period domains of Rapoport-Zink, etc. 

Acknowledgements: We thank A. Abbes, V. Berkovich and W. Niziol for interest- 
ing discussions pertaining to the subject of this paper. Part of the work on this article 
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I. Local Theory. 

2 Preliminaries. 

2.1 The basic rings. Let y be a complete discrete valuation ring, with perfect residue 
field k of characteristic p and with fraction field K — Frac(y) of characteristic 0. Let v 
be the valuation on V normalized so that v{p) = 1. Let C K be an algebraic closure 
of K with Galois group Gal{K/K) =: Gy and denote by V the normalization of V 
in K. Define the tower 

Ko:=KgK^= K{Cp) C • • • C = KiCpr.) c • • • 

where (pn is a primitive p^-th root of unity and Cpri+i = Cp" ^or every n G N. Let Vn 
be the normalization of V in and define K^q := U^K^- Write Ty := Gel{Kix,/K) 
and B.V ■= Gal(K/Koo) so that Ty = Gy/Ry. 

Let -R be a F-algebra such that k C R ®y k is geometrically integral. Assume that R 
is obtained from i?° = V [T^^ , . . . ,T^^^ iterating finitely many times the following 
operations: 

et) the p-adic completion of an etale extension; 

loc) the p-adic completion of the localization with respect to a multiplicative system; 
comp) the completion with respect to an ideal containing p. 
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Define 



Rn ■.= R®Vn 

V 



rji p'T' rji rji p'"' rji 3 



Let R be the direct limit of a maximal chain of normal i?-algebras, which are domains 



and, after inverting p, are finite and etale extensions of Rc 



Let m G N and let 5 be a i?,Ti^algebra such that S is finite as i^^-module and Rm C S 
is etale after inverting p. Define Sn as the normalization of S <^r^ Rn in S <^r^ Rn [p~^] 
for every n > m. Let 5*00 := ^n>mSn- 

Write S'n for the normalization of Sn ®y„ V in 5"^ ^[p~^] ^^'^ S'^ for the nor- 



malization of Soo ®Voo ^ '^00 ®Voo ^ [P ^] • We put S' := S'r 
Note that i?' = i? F and i^' = i^oo <S)v^ V 



2.2 Proposition. There exist constants < £ < 1 and N — N[S) G N, depending 
on S, and there exists an element p^ of Vn of valuation e such that <S'^_|_i + p^Sn+i C 
Sn+p^Sn+i (as subrings of Sn+i) and S'^^i +p^S'n+i C S'n +p^S'n+i (as subrings 
of S'n+i) for every n> N. 

Proof: The claim concerning follows from [An, Cor. 3.7]. It follows from [An, 

Prop. 3.6] that there exists a decreasing sequence of rational numbers {Sn{S)} such 
that annihilates the trace map Tr: S'n — > Hom_R/^ (5"n, -R'n)- This implies that 

p^^(^) S'n+i C S'n R'n+i] See loc. cit. This, and the fact that the proposition holds 
for R' by direct check, allows to conclude; see the proof of [An, Cor. 3.7] for details. 



2.3 Definition. For every R-subalgebra S <Z R as in 2.1 such that S'^ is an integral 
domain, viewed as a subring of R, define 



Gs ■■= Gal R 



/s 



Ts := Gal 5, 



/s 



and 

Analogously, let 

Gs ■■= Gal ( R 

and 



Hs :=Ker {Gs^Ts) 



IS' 



T'a := Gal S'^ 



IR! 



Hs := Ker (Gs ^ Vg) = Gal S' 



IR! 



Note that by assumption Hs/Hs — and that Ts is isomorphic to the semidirect 
product of Ty and of T'g. The latter is a finite index subgroup of = Z^. We let 
71, . . . , 7d be topological generators of F'^. 
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2.4 RAE. Following Faltings [Fal, Def. 2.1] we say that an extension Roo C is 

almost etale if it is finite and etale after inverting p and if, for every n e N, the element 

1 

pp" too is in the image of S^o ®i?oo '^'oo- Here Cqo is the canonical idempotent of the etale 
extension R^o [p~^] C 5*00 [p~^] ■ 

We say that such extension satisfies (RAE), for refined almost etaleness, if the fol- 
lowing holds. For every n > m let tn be the diagonal idempotent associated to the etale 
extension i?„ [p~^] C Sn [p~^] ■ There exists £ e N, independent of m, such that there 
exists an element pp^ of Vn of valuation ^ and pp^ tn lies in the image of Sn <^r„ Sn- 

We assume that (RAE) holds for every extension i?oo C Soo arising as in 2.1. 

2.5 Remark. It is proven in [An, Prop. 5.10 & Thm. 5.11] that (RAE) holds if R is of 
KruU dimension < 2 or if the composite of the extensions y [Tj^^, ■ ■ ■ , T^^] ^ R^ R 
is flat and has geometrically regular flbers. For example, this holds if R is obtained by 
taking the completion with respect to an ideal containing p of the localization of an 
etale extension ofV[T^^, • • • , T^^] ; see [An, Prop. 5.12]. 

2.6 The rings Es^, E5, £5/^ and E5/. Let S be as in 2.1. Define 

lun{S^/p^S^) , lun{SUp'S'^) 

where the inverse limit is taken with respect to Probenius. Using 2.2 define the gener- 
alized ring of norms, 

as the subring consisting of elements (ao, . . . , an, • • •) in EJ (resp. in Eg, ) such that 
an is in Sn/p^Sn (resp. S'n/p^S'n) for every n > N{S). 

By construction E^^, E^, E^, and E5/ are endowed with a Probenius homomor- 

phism (p and a continuous action of Tu. Put Es/^ := Eg, [7f~^] , Eg^ := Eg ■, 
E5' := E+, [7f-i] and E5 E+ [yf-i] . 

Denote by e the element (1, Cp, . . . , Cp", • • •) G Ey and by 7f := e — 1. By abuse 
of notation for a G Q, we denote by ttq" a (any) element a = {ao, ai, . . . , an, ■ ■ •) 

in UmEy(m), if it exists, such that v(ai) = ^ for i 0. For example, W = ttq ; 

i -\ 

see [AB, Prop. 4.3(d)]. For every i = 1, . . . ,d, let Xi := {Ti,T.'' ,Tf , • • •) e E+o- The 
following hold, 

the map EJ/tt^^^EJ ^ Sn/p^Sn and the map EJ^/tt^^'^E;^^ ^ Soo/p^Soo, sending 
(oo, . . . , a^, . . .) I— > an, are isomorphisms for n > N{S); see [An, Thm. 5.1]; 

2) Eg is a normal ring, it is finite as E^-module and it is an etale extension of E^, 
after inverting n, of degree equal to the generic degree of Rm C S; see [An, Thm. 4.9 
& Thm. 5.3]; 

3) Eg is normal and coincides with the 7f-adic completion of the perfect closure of 
Ej; see [An, Cor. 5.4]; 
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4) we have maps Tf^E^^ — > j,+ E^^ -^Soo " '^^^^ isomorphisms after invert- 
ing 7f. In particular, E^^ [^~^] = -^floo ®e+ -^5 [^"""^l ' [-^^' Lem. 4.15]; 

5) consider the ring 

oo-f—n L ^ ' J 



where is the p-adic completion of 5*00, the transition maps are defined by raising 
to the p-th power, the multiplicative structure is induced by the one on and the 
additive structure is defined by 

(...,a;("^),...) + = (..., lim + . . .). 

n— »cx) 

The natural map limoc4~n Soo is a bijection; see [An, Lem. 4.10]. 

It follows from (1), see [An, Cor. 4.7], that 

E+^/cooIttkI and E+o ^ E+ | a;i, a;^, — I , 

I, Xd J 

where k^Q is the residue field of Vqo and ttk = (• • • ; 'Tni ''n+i; • • 

.), with Ti e Vi for i > 0, 

is a system of uniformizers satisfying Tf_^i = Ti mod p^. The convergence in xf^, . . . , x^^ 
is relative to the 7f-adic topology on E^. Eventually E^ is obtained from E^o iterating 
the operations 
et) the 7f-adic completion of an etale extension; 

loc) the 7f-adic completion of the localization with respect to a multiplicative system; 
comp) the completion with respect to an ideal containing a power of W. 
In particular, {ttk, xi, . . . , Xd} is an absolute p-basis of E^. 

2.7 Lemma. Let S be as in 2.1. The following hold: 

1. the maps E+^/tt^ "E+^ ^ S'^/p'S'^ and E+ /<" ^E+ ^ S'n/p'S'n, given by 
(ao, . . . , an, . . .) I— > an, is an isomorphism for n > N{S). In particular, E^, coincides 
with the TT-adic completion of E^ Ei and E^, coincides with the W-adic 



completion of Ej (8)^+ E-*" • 



2. the extensions E^ ^R^' ~^ ^R' ^R ~^ ^R' faithfully fiat. For 
every finitely generated Ei^-module M, the base change via the above extensions are 
W-adically complete and separated; 

3. we iave maps tt^EJ, Eg 0^,+ E^, Eg, and n^Eg, Eg 0^+ E^, Eg,. 
They are isomorphisms after inverting W; 

Proof: Statements (1) and (3) follow from 2.4 arguing as in the proofs of [An, Thm. 5.1] 
and [An, Lem. 4.15] respectively. 
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(2) By 2.6 we have E+/7r^^"E+ ^ Rjp'Rn, similarly E+/7r^P"E+ ^ F/p^F, 

E+ /7r^^"E+ ^ {Rn/p'Rn) ®y„ F and E+^/7r^P"E+^ ^ (R^/p'R^) V. By con- 

°° °° «i «(i 

struction i?oo <Siv^V is a free i?n <H)v„ F-module with basis {T{^ ■ ■ ■ TJ^} with m >n 

and < Q!i < p"^""'. Hence, E^, (resp. E^, ) is the 7f-adic completion EJ(8)j,+ Ei 

11°° ^ 
(resp. of (eJ Cg)-g+ Ei) [xf^ , • • • , 3:^1^] )• Also, Ei is the yro-adic completion of finite, 

normal and generically separable extensions of the dvr E^. Those are free as E^- 
module. We may then apply [An, Lem. 8.7] to conclude. 



Given an i?oc^algebra Soo, finite and etale over R^o 

there exists a i?^-algebra S, finite and etale over R^ 
in 2.1, is the normalization of Si^ji i?oo- 



, there exists m G N and 
such that ^oo, defined as 



2.8 Theorem. The functor Soo Ej defines an equivalence of categories from tlie cat- 
egory i?oo- AED of Roo-algehras which are normal domains, finite and etale over R 

to the category E^-AED of E^-algebras, which are normal domains, finite and etale 
over Efj. 

Proof: See [An, Thm. 6.3]. 

Let Ei be Ug^Ej where the union is taken over all i?oo-subalgebras 5*00 C R 

such that 5*00 [p~^] is finite etale over R^o [p~^]- Let Ei = lim(i?/p'^i?) , where the 
inverse limit is taken with respect to Frobenius. It coincides with the 7f-adic completion 
of Us^E+^. Define E^ := E+ [if-'] and E^ := E+ [if-'] . 

-•Ws ^Hs 

2.9 Proposition. Let S be as in 2.3. Then, R — Soo and R — S'^. Furthermore, 

(E+)^^ = E+, Ej- = E5, (E+)^^ = E+^ , Ej- = E^^ 

and 

R 



(%) = Es. , (E±) = EJ, , (%) = Es^ . 



Furthermore, the natural maps 



Er^ ® E5 > Es^ , E|« ® Es > e1« , E|« ® Es ^ Es'^ ^ E^^^ 

Eh 

are isomorphisms. 



Eh ~ « Eh « ' -R Eh °° ^ 



Proof: The fact that R = Soo is proven in [An, Lem. 6.13]. The equalities in the first 
displayed formula hold due to [An, Prop. 6.14]. Those in the second displayed formula 
follow arguing as in loc. cit. In fact, Ei (resp. Et, ) can be written as in 2.6(5) as 

Ft 00 

the limit lim R (resp. lim S'^). To get the last two equalities one is left to prove 
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that R = S'^. This foUows arguing as in [An, Lem. 6.13]. The fact that the in- 
clusion E5/ C (E;^)^'^ is an equahty can be checked after base change E^, — > E^, 
since the latter is faithfully flat by 2.7(2). But Es' ®e+, E+ ^ Bs'^ by 2.7(3) and 

(E±)«'«,j,ES,^c(E±)"^=Ej^. 

The first equality in the last claim follows from 2.6(4); the others follow from the 
second displayed formula and 2.7(3). 

2.10 The rings Ag^, A^^, Ag, A^, A'^^, A'j^, A'^ and A'j. Define A;^ := W(E^). 

It is endowed with the following topology, called 

The weak topology. Consider on E-p the topology having {w'^'E—}n as fundamental 
system of neighborhoods of 0. On the truncated Witt vectors {^'r) consider 
the product topology via the isomorphism W^(E-^) = (E-^)"^ given by the phantom 
components. Eventually, the weak topology is defined as the projective limit topol- 
ogy W(%) = lim W^(%). 

Alternatively, let tt := [e] — 1 where [e] is the Teichmiiller lift of e. For every n 
and h eN define Un,h '■— P^-^r + ^'^-^J- '^^^ weak topology on A;^ has {Un,h}n,heTS! 
as fundamental system of neighborhoods. 

Define Ve: E^ — > Q U {00} by v-e,{z) = 00 if 2; = and Ve{z) = min{n e Q|7f"'2; e 
E±}. For z = Ylki^klp'' e A;^ and iV e N we put 

v|^(2) :=inf{vE(2fc)|0</c<iV}. 

For every A?" e N we have 

(i) v|'^(x) = +00 ^ X = 0; 

(ii) v|^(a;y) > v|^(a;) + v|^(y); 

(in) v|^(a; + y) > min(vj^(a;), v|^(y)) with equality if v|^(a;) 7^ v|^(y); 

(iv) (tt) = 1 and [ttx) = (tt) + [x); 

(v) v|^((/?(x)) =pv^^{x); 

(vi) v|^(7(a;)) = vj^{x) for every 7 e Qr. 

The second claim in (iii) and (v) follow since Ei is by construction the 7f-adic completion 
of Us^Eg^ and each E^^ is normal by 2.6(3). Note that the topology on A-^/p^^^ A-^ 
induced from the weak topology on A-^ coincides with the topology. 

For every 5 as in 2.3 define 

A5^:=W(E5^), A+^:=W(E+^), 

AL ■■= W (E5i. ) and A'^^ + := W (E+^ ) . 
They are subrings of W (E-^) closed for the weak topology. 
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Overconvergent coefficients. For r e Q>o define AL'^^ as the subring of elements 

oo 

z = ^ p'^ [zk] of A;^ such that 

lim rvE{zk) + k = +00; 

fc— >oo 

see [AB, Prop. 4.3]. Write At = \J A^^'^l For z = ^ p^[zk] G K^'^], put 

reQ>o fcez 

{00 if 2 = 0; 

inf (rvE(zk) + k) otherwise, 
fcez 

Thanks to [AB, Prop. 4.3] one knows that the map Wr'- -^^'^^ — > R U {00} satisfies 
(i) Wr{x) — +00 4^ X — 0; 
(n) Wr{xy) > Wr{x) +Wr{y); 

(iii) Wr{x + y) >m.m{wr{x),Wr{y)); 

(iv) Wrip) = 1 and Wr{px) = Wr{p) + Wr{x). 

^ (0 r] ^ ^ (0 r] ^ ^ i 

For every Soo define A^;^ := As^ n A'^" ' and Al.^ := As^ n A-L. Similarly, define 
A'sJ^'"^^ := A's^ n A^^''^' and A'j^ := A'^^ n a1. By [AB, Prop. 4.3] they are w^- 
adically complete and separated subrings of A-^. 

Noetherian coefficients. In [An, Appendix II] a ring As C W(E5^) has been con- 
structed whose main properties are: 

i. it is complete and separated for the weak topology. In particular, it is p-adically 
complete and separated. 

n. Asn (pW(%)) =pA5; 

iii. As/pAs = E5. In particular, it is noetherian and regular. 

iv. it is endowed with continuous commuting actions of and of an operator ip lifting 
those defined on Ei?; 

v. it contains the TeichmuUer lifts of e, xi, . . ., 0;^; 

vi. As is the unique finite and etale A^^-algebra lifting the finite and etale exten- 
sion Eii C E5. 

In particular, the formation of A5 is functorial in Sqq. If one requires the existence of a 
subring lifting E^^, with suitable properties, one can in fact prove that As is unique. We 
refer to [AB, Prop. 4.49] for details. Define Af""^ := As n a|''^^ and A^ := As n aI. 

Let A-^ be the completion for the p-adic topology of Ug^Ag, where the union is 
taken over all normal i?oo^subalgebras 6*00 C R such that 5'oo \p~^\ is finite etale over 
i?oo [p~^]- Let A's := A^« and A'j := A'g n A^.. 
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2.11 Proposition. The extensions At C At and At C At are Enite and Stale. 
Their reduction modulo p coincide with Ejj^ C E^^^ and 'Eji C E5 respectively. 

Proof: It is clear that A^^ coincides with Eg^ modulo p since it contains A^^ and 

pA^ n A^^ = P-A^Soo ■ '^^^ ^^^^ ^^^^ "^i?cx= ^ ^^Saa ^^^^^ ctalc is proven in [AB, 
Prop. 4.9]. See [AB, Prop. 4.34] for the statements regarding aJ^ C A^. 

2.12 Lemma. The following hold: 

a) A5 = A^^, -A-s^ = A^-^, and A^^ = A— The same equalities hold considering 
overconvergent coefficients i. e., A^'"'^ = {A^'^'Y' , A.f''^ = {A^'^'Y' , A'5 = 
{A^'^Y' ^nd At = (Ai)-^ aL = (Ai>^ A'l Z (A^r. ^ 

b) The natural maps Ar^ ®Ar As As^, A'^ (8)Ar A5 A'g and A'^^ As 
A'g^ are isomorphisms. Similarly, considering overconvergent coefficients, the maps 

®At^ ^ A^^, Aj®^t^ A^ ^ A'j and aJ^ ®^t^ A^ ^ A'j^ are isomor- 
piisms. 

c) Weiave A^pA^ = As/pAs = E5, A'j/pA'j = A'g/pA'g = Eg/ and A'j^/pA'j^ = 

d) Tie maps Ag^ (g)- A^ — > A'^ and As ®Av -A^ — > A'^ are injective and have 
dense image for the weak topology. The image of a''^^^ ®^(o,r-] A^^'^' — > A'^^^^-'^l is 
dense for the Wr~a,dic topology for every r E Q>o- 

Proof (a) We certainly have inclusions Ac c A— Ac c A— Ao C A— and 

maps AR^®AnAs ^ Ag^, A^ ® Ah As ^ A'g and A'^^ ^a^ A5 ^ A'g^. The 
extension Ar As is finite and etale and, hence, Ag is projective as A/^-module. 
Since A^^^ , A^ and A^^ are |?-adically complete and separated and p is a not a zero 
divisor in these rings, A^^^ ^a^ Ag, A'^®^^ As and A^^ ® a« Ag are p-adically 
complete and separated and p is a non-zero divisor. The same holds for As, A^^, 

As^, A^^, A^ , A'g and A^^. To check that all the inclusions and all the maps 
above are isomorphisms it then suffices to show it modulo p. This follows from 2.9 if we 
prove that A'g/pA'g — Es' and A'g^/pA'g^ = Es^. Once this is established the other 
statements in (a) follow. 

(c) Since by construction A^ fl pA-^ = pA'J, A'^^ fl pA-^ = pAg^, A^ fl pA^ = 
pA^g and A'g fl pA-^ = pA'g, A'g^ n pA-j^ = pA'g^, As n pA-j^ = pAs the maps 
Al/pAl ^ AsJpAs ^ Es, Af/pA'i ^ A'^/pA's ^ Es' and A^^/pA'j^ ^ 
A'g^/pA'g^ Es^^ are injective. It follows from [AB, §4.11(e)&Lem. 4.20] that there 
exists Ag C Ag^ {^} '^sL'^^' suitable a, /3 e N and r G Q>o, so that 
Ag /pAg = Eg and Aj is complete for the weak topology. Here, A^^ { ^ } denotes the 
completion of A^ ^ with respect to the weak topology. In particular, since 7r-adic 
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. + A— and At ®t+ A— respectively. Claim (c) follows then from 2.7. 



convergence in | | ™pli^s convergence for the weak topology, A^ is 7r-adically 

complete. Note that A J Ay and A Ai map to A Ai | | 

and that the latter is yr-adically complete and is contained in A^ '^^''"1. We conclude 
that Ag,/pAg,, A'g/pA'^ and A'^ /pA'g contain the 7r-adic completion of the image 
ofAj,A+.^^._^ 

(b) The fact that AJ^^ 
nite and etale by 2.11 there is a unique idempotent es/R of Ag (g)^t A^ such that for 

Ft 

every x E Ag(8)^t A^ we have m{x) = Tr^t /^t {xes/Rj- Here, m is the multipli- 

R S ' R 

cation map. Write cs/r = X^iLi*^*®^* with and 6j e A|g'*^ for some s e Q>o- 
Then, cs/r is an idempotent of A^ (8)^/t A^ and of A'J^ (8)~,t A|^^. By the first 

part of (b) the extensions A^ C A'g and A'^ C A'g are finite and etale and 



A^ ^ A^^ follows from 2.11. Since AJ^ C A^ is fi- 



m{x) = TrAyA^ (a^es/ij) and m{x) 



Tr- 



> ' R 



, {xcs/r)- We then get that for ev- 



ery X G A^ (resp. A'J^) we have x — m{x®l) — ^^Li TrA^A'^ (2^^1)6^ (resp. x = 
m{x®l) = X)r=iTr^' /X' i^ai)bi). Since TVa'^/a^ and Tr~, 



send overcon- 



vergent elements to overconvergent elements, we conclude that the maps in the second 
part of (b) are surjective. 

Since the extension aJ^ C A^ is finite and etale, A^ is projective as Aj^-module. 
In particular, p is not a zero divisor in A^ (g)^t A^ and in A^^ (8)^t A^ and those 
rings are p-adically separated. Thus, to prove that the maps in the second part of (b) 
are injective, and hence are isomorphisms, it suffices to prove that they are injective 
modulo p. This follows from (c) . 

(d) Since the extensions Ay C Ay^ C Ay are extensions of dvr's, they arc flat. 
Since p is not a zero divisor in Ag^ and A5, it is not a zero divisor in A^^ Ay — > 

A'g^ and A5 (g>Av Ay A'g. Thus, to check the injectivity in (d) we may reduce 
modulo p. The density can be checked modulo for every n G N and, using induction, 
it suffices in fact to prove it for n — 1. Then, the first claim of (d) follows from 2.11 
and 2.7(1). 

We prove the second claim of (d). Suppose that r = a/b with a and 6 G N and 



let ^s^,(a,b) (resp. As'^^(a,b)) denote thep-adic completion of Ag 



(resp. of 



A'5 + 



Lem. 4.20] one has 



), where [tt] is the Teichmuller lift of tt. Arguing as in the proof of [AB, 



b) 



Since ^^([Tr]) > 0, we conclude that ^5/^ [^|=jj is dense in A^^(°'^l for the Wj. 
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adic topology. Since the [7r]-adic completion of ^5^, (a, 6) V contained in the 

tu^-adic closure of A^^^*^' ®;^(o,r] A^^'*^^ and its image in Ag/^ („ {,) contains 7f^As'^^(a,b) 
by 2.7, the conclusion follows. 

2.13 Corollary. The extensions A! C A'^^, A'^^ C A.'^^, A^ C A'^ and A^ C A'j 

are finite and etale. Their reduction modulo p coincide with ^r'^ C £5/^ and E/j/ C E5/ 
respectively. 



2.14 {{p,r) -modules and Galois representations. Let S be as in 2.3. Let Rep(^s) be 
the abelian tensor category of finitely generated Z^-modules endowed with a continuous 
action of ^5. 

Let A be one of the rings A^^, A^ , A5, A^, A^ , A^ , A^ and A^ and let F be 
respectively or T'g. Let F) — ModA (rcsp. F5) — Mod^) be the tensor category 
of finitely generated A-modules D endowed with 

i. a semi-linear action of F; 

ii. a semi- linear homomorphism (f commuting with F (resp. so that (fi(^l: D ®^ A — > D 
is an isomorphism of A-modules). 

Note that if A = As, then A5 is noetherian and F5) — ModAg (resp. {ip,rs) — 
ModAg ) is an abelian category. 

For any object M in Rep (^5), define 



S)(M) := [A-^® m) \ D(M) := [A-^0 m) 
T){M) := {a^^ D(M) := (A-^® 



Note that S)(M) (resp. 3(M)) is an A^-module (resp. A^^-module) endowed with 
a semi-linear action of F^. Analogously, D(M) (resp. D(M)) is a A'^-module (resp. a 
A'g -module) endowed with a semi- linear action of F^. Analogously, define 



St(M) := (|a^® m)^^, Dt(M) := (|a^® 



Then, Dt(M) (resp. S)t(M)) is an A^-module (resp. Ag.^— module) endowed with a 
semi-linear action of F5. Analogously, D^(M) (resp. D^^(M)) is a A^-module (resp. a 
A'g -module) endowed with a semi-linear action of F'^.. 

The homomorphism (/? on A-^ and A^ defines a semi-linear action of (p on all these 
modules commuting with the action of Fg (resp. of F^). 
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2.15 Theorem. The functor D defines an equivalence of abelian tensor categories from 
the category Rep (^5) to the category (if, Ts) — Mod%^. Let M be a finitely generated 
Zp-module endowed with a continuous action of Qs- The inverse is defined associating 

to an etale {(p,rs) -module D the Qn-module V{D) := (Ap-0As D] 
Proof: See [An, Thm. 7.11]. 



2.16 Lemma. Let M be a Gnitely generated Zp-module endowed with a continuous 
action of Qs- Then, 

(i) ^{M) ^resp. D(M), S(M), D(M)j is an etale {(p,rs) -module over As (resp. Ag, 

(i') St(M)Jresp. Dt(M), ^^M), Dt(M) ) is an etale {(p, rs)-module over A^ (resp. A% 
Ac- , Ac ),' 

(ii) D(M) = lim D(M/p"M), D(M) = lim D(M/p"M), S(M) = lim ^(M/p^M), 

oo< — n cxD< — n oo< — n 

D(M) = lim D(M/p"M) where tie limits are inverse limits with respect to n E 

oo<— n 

N. More precisely p{M)/p'^^{M) = S{M/p^M), D{M)/p''D{M) ^ 'D{M/p''M), 
^{M)/p''^{M) ^ ^{M/p'^M) and D(M)/p"D(M) ^ D(M/j9"M) for every n e N. 

(ii') if M is torsion, then X)t(M) = D(M), Dt(M) = D(M), St(M) = S(M) and 
Dt(M) = D(M); 

(iii) tie natural maps 

S)(M) ® A's ^D(M), S)(M) ® A-^ > M ® A^ 

As As Zp 



and 



S)(M) (g) As^ > 2)(M), D(M) ® A^^ > D(M) 

As °° As °° 



are isomorphisms; 
(iii') tie natural maps 

2)^(M) ® A^ ^D+(M), S)^(M) ® aI ^M^A. 



and 



D^(M) (g) A^_ > D+(M), S)^(M) (g) A'J^ ^ D+(M) 



are isomorphisms; 
(iv) tie natural maps 



S)^(M) (g) A5 ^S)(M), Dt(M) ® A^ >D{M) 
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and 

S+(M)_(g) As^ >V{M), Dt(M)^(g) A's^ >B{M) 

are isomorphisms. 

Proof: We refer the reader to [An, Thm. 7.11] and [AB, Thm 4.40] for the proofs 
that £)(M) and S)t(M) are etale ((^, r5)-modules and that S)(M) = S)t(M)®.t A5, 

that S)(M) A;^ ^ M(8)z^ A;^ and Dt(M) aI ^ M^z^ aI. Claims (i), (i') 
and (iv) follow from this and the displayed isomorphisms. We prove the other state- 
ments. 

Due to 2.11, 2.12 and 2.13 to prove (ii'), (iii) and (iii') one may pass to an extension 
5*00 C Too in R finite, etale and Galois after inverting p. For example, (M A;^) ^ = 
(M®Zp ^r)^^ ®As At and (M®Zp A-^)"^ = (M^z^ A-^)^^ A^ by etale de- 
scent. Hence, if (M ®Zp A-^)^^ 0At A^ (-M^ ®Zp A-^)^^ is an isomorphism, tak- 
ing the Tig-invariants, we get the claimed isomorphism (M <^Zp A;^) <S)As A5 
(M®z.A^)«^ 

Suppose first that there exists G N such that M = 0. Then, there exists an 
extension 5*00 C T^o such that Ht C Hs acts trivially on M. Replacing 6*00 with T^, 
we may then assume that Hs acts trivially on M. By 2.12 we have A^/p^A^ = 
As/p^As, A'j/p^A'J =A's/p''A's, A^^/p^A^^ = Ag^/p'^As^ and eventually 
A'J^/p^aJ^ = A'g^/p^A'g^. Furthermore, we have in this case D(M) = M Ozp As, 
D(M) = M(g)Zp A;^, S(M) = M(g)Zj, As^, D(M) = M (^Zp A'g^ and similarly for the 
overconvergent (<^, Fg) -modules. Then, the claims follow from 2.12. 

Assume next that M is free of rank n. It follows from [AB, Thm. 4.40] that there 
exists an extension Roo C Too in R finite, etale and Galois after inverting p such 
that 2)^(M) Ay is a free Aj,-module of rank n. As we have seen above we may and 

will replace ^Soo with Too so that D'^{M) (resp. 2)(M)) is a free A^-module (resp. A^- 
module). Fix a basis {ei, . . . , e^} of 1D^(M). It is also a A^^-basis of D{M). Hence, it 
is a basis over a1 (resp. a1, A;^, A;^) of M ®Zp a1 (resp. M ®Zp a1, M ®Zp A-^, 

M ®Zp A-^). Since Tis and H5 act trivially on {ei, . . . , Cg}, we get claims (iii) and (iii'). 
For example, S(M) = (M®z, A^)^'' = Ag^d © • ■ ■ © A^^e^ = D(M) ©As Ag^- 

We are left to prove (ii). We may assume that M is torsion free, since the claim for 
the torsion part is trivial. Note that S)(M), S(M), D(M) and D(M) are submodules of 
invariants of free modules over p-adically complete and separated rings. For example, 
D{M) = {^M 0Zp A^) ^ C M®ZpA-^. Hence, they are themself p-adically complete 
and separated. It suffices to show that for every n G N the map from their quotient 
modulo to ©(M/p'^M) (resp. D(M/p"M), D(M/p"M), D(M/p"M)) is an isomor- 
phism. Due to (iii) it suffices to show it for D[M) and in this case it follows from the 
fact that D is an exact functor by 2.15. 
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We state the following theorem relating the cohomology of the various (</?, r)-modules 
introduced above. 

2.17 Theorem. The natural maps 

H"(rs,D(M)) ^R-{TsMM)) - 

H-(r's,D(M)) >R^{T'sMM)) - 

H"(r5,S)^(M)) ^H"(rs,St(M)) 

and 

H'^(rs,Dt(M)) .H-(rs,Dt(M)) 

are all isomorphisms. 
Proof: See 7.16. 

3 Galois cohomology and ((/?,r)— modules. 

In this section we show how, given a finitely generated Zp-module M with continuous 
action of Qs^ one can compute the cohomology groups H"'(^y5,M) and H"(G5,M) in 
terms of the associated rs)-modules D(M), S(M), D"I"(M), I)^{M), D(M), D(M), 
Dt(M) and Dt(M). We start with the following crucial: 

3.1 Proposition. The map cp — l on A-p, aL, A-p and aL is surjective and its kernel 

^ Ft ^ R 

is Tip. Furthermore, the exact sequence 

> Zp > A;^ ^ 

admits a continuous right splitting cr: A-^ — > A-^ (as sets) so that (t(A-^) C A-^, 
a{AycA^anda{AycA^-. 

Proof: See 8.1. 

3.2 Definition. Let D be a {cp, Ts)-module over As or As^ or A^ or A^^ (resp. over 
A'g or A's^ or A'j or A'j^j. Define C'{rs,B) (resp. C'{T's,D)) to be the complex of 
continuous cochains with values in D. 

Let T*(D) (resp. T'(D)) be the mapping cone associated to (p — l:C*(r5,D) — > 
C'(rs,D) (resp. toip-l:C'{T's,D)^C'{r's,D)). 



-^H^ ( gs,M(g)A^- 



H'^ ( G5, M ® A^ 
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3.3 Theorem. There are isomorphisms of 5-functors from the category ofRep{Qs) to 
the category of abehan groups: 

p,:ff(T-(S(_)))^ff(^s,-), p::ff(f-(D(_)))^ff(G5,-), 

p,:ff(r-(S(_)))^ff(^s,-), p::ff(r-(D(_)))^ff(G5,-), 
pl:ff(r-(S)t(_)))^H^(^^,_), p;t,ff(r-(Dt(_)))^ff(G5,-), 
pl:ff(T-(St(_)))_^ff(t;^,_), p;t,H^(^.pt(_)))^ff(G5,-) 

The isomorphisms p'-, p^, p^^ and p'^ are Gy-equi variant. 
Furthermore, all the maps in the square 



ff(r'(st(_))) — , H^(r*(2)t(_))) 

I i 
ff(r-(s)(_))) — . ff(r-(s(_))), 



induced by the natural inclusions of {(p,Ts) -modules S)^(M) C S)(M) C D(M) and 
©■•■(M) C D^M) C D(M), for M e Rep(^5), are isomorphisms and they are compati- 
ble with the maps pi, p\, pi and pi. Similarly, all the maps in the square 

H^(r-(Dt(_))) . ff(T-(Dt(_))) 

i i 

ff(r-(D(_))) — . H^(r-(D(_))) 

are isomorphisms and are compatible with the maps p'^ , f)^ , p\ and p^ 

Proof: First of all we exhibit in 3.4 the maps pi and p[ (with or without~or f) so that 
they are compatible with the displayed squares and p[ they are compatible with the 
residual action of Gy (if one exists). We then prove that they are isomorphisms in 3.5. 
Eventually, we show that they are isomorphisms of (J-functors in 3.6. 



3.4 The maps^ Let M be a Zp-representation of Qs- Let D{M) and^A be (1) D(M) 
and A, (2) S and A, (3) D^{M) and A^ or (4) -S^M) and A^ Since in each 
case D{M) i^As — -^®Zp by 2.16 and due to 8.1 we have exact sequences of 
^g-modules 

> M > D{M) % D{M) (g) % > (3.4.1) 

As As 

Similarly, let D'{Ml and A' be (1) D(M) and A', (2) D and A', (3) Dt(M) and A't 
or (4) DUM) and A't. In each case D'(M) ®a' AL^M(^z A'- by 2.16. thanks to 8.1 

S R ^ R 

we get exact sequences of ^s-modules 

>M > D' (M) ® A's D' (M) ® A'-s ^0 (3.4.2). 

^S 
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The maps in both exact sequences are continuous for the weak topology by 2.16. 

Let (a,P) be an n-cochain of T'(D{M)) i. e., in C'-^iTs, D{M)) x C'iTs, D(M)). 
Define 

Ca,f3 ■=P+ {-ird{a{a)) e C^iQs, M ® A^), 

where d is the differential operator on C^iVsi D{M)) and a is the left inverse of <^ — 1 
defined in 8.1 (for each of the four possibilities for A). 

Recall that the derivation on T'{D{M)) is given by d{{a, /3)) = {{-l)''{ip - l)(/3) + 
da^dfi). Thus, (a, /3) is an n-cocycle if and only if and satisfies (— 1)"'((/7 — l)/3 + do: = 
and dl3 = 0. In this case, dc^^p = and ((/? - l)cl p = 1)13 + {-lYd{^ - 1)7 = 

- l)(5 + {-l^da = 0. Thus, c^^^ is an n-cocycle in C^(e?s, M) by (3.4.1). 

Choose a different left inverse a' of — Then, (</?— 1)((t' — a) = so that (cr' — cr) (a) 
liesinC^-i(^5,M). Thus, /?+ (-l)^c/((j'(a)) -/?- (-I)"d(c7(a)) = {-lYd{a' - a){a). 
In particular, ^ depends on the choice of cr up to a coboundary with values in M. 

Let (a,/3) = ((-l)^-i(v?-l)6 + da,d6) G C"-i(r5, D(M)) x C"(rs, D(M)) be an n- 
coboundary in r*(D(M)). Then, c^ ^ = dh+{-lf''-^d{ao{ip-l)){h) + {-l)''d{a{d{a))). 
Note that (l — (cr o ((^j — 1))6 and a(d{a)^ — d{a{aj) are annihilated by (/? — 1. Hence, 

^ is the image via the differential of (1 — (cro ((^ — 1))(6) + (—1)"^ {a{d{a)) — d(cr(a))) 
lying in C'^~^{Qs^ M). In particular, it is a coboundary. 

We thus get a map 

rf :ff(r*(L»(M))) >ii'igs,M). 

By construction it is functorial in M. In case (1) we get the map pj, in case (2) we 
get Pi, in case (3) we get the map p| and in case (4) we get pj. By construction they 
are compatible with the first commutative displayed square appearing in 3.3. 

Analogously, using (3.4.2), one gets the claimed map r^. In case (1) we get the map p^, 
in case (2) we get in case (3) we get the map p'^ and in case (4) we get f)^ . They are 
compatible with the second commutative displayed square appearing in 3.3. Further- 
more, we also have actions of Gy and we claim that r'- is Gy-equivariant. 

Indeed, let (a, (3) be an n-cocycle in C'-^iT'g, D'{M)) x C^(r'g, D'{M)). Let g e Gy- 
Then, g{{a,(5)) = {g{a),g{(3)) and c^^^^^^^^ = g{(3) + {-lYd{a{g{a))). On the other 
hand, fi'(c^_^) = g{(3)-\-{—l)'^g{d{a{a))). Note that god = dog and {(p—l){aog—goa) = 
since cp is Tv^-equivariant. Thus, c^((a,/3)) - 9{ca,i3) = i-'^Td{{a o g - go a){a)) is a 
coboundary in C*^ (^5, M). 

3.5 Proposition. The maps pi, pi, p\, p\, p\, p'^, p'^ and 'p^ are isomorphisms. 
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Proof: We use the notation of 3.4. Since T*{D) and T*{D') are mapping cones, we get 
exact sequences 

H"-^(rs, D{M)) H"(T*(D(Af)) — > H"(rs, D{M)) H'^lFs, D(M)) 

(3.5.1) 

and 

H"-i(r^, L''(M)) H"(r*(L''(M)) — > H"(r'5, L''(M)) H"(r^, D(M)). 

(3.5.2) 

They are compatible with respect to the natural inclusions 'D^{M) C !D(M) C !D(M) 
and Dt(M) C S)t(M) C :D(M) (resp. Dt(M) C D(M) C D(M) and Dt(M) C Dt(M) C 
D(M)). Thanks to 7.16 we deduce that the horizontal arrows in the two displayed 
squares of 3.3 are isomorphisms. We are then left to prove that pi, pi, p[ and 'p^ are 
isomorphisms. 

From the exactness of (3.4.1) and (3.4.2) we get the exact sequences 
H"-i(e;5,M®%) -^H"(e?s,M) >Ii^{gs,M0A-^) ^ H^{gs, M ^ A-^) 

ZJ. L n -I L ™ -1 h 

(3.5.3) 

and 

H"-HGs,M0%) ^ H'^(Gs,M) .H"(G5,M(g)%) ^ H'^(G5,M0%) 

Zp Zp Zp 

(3.5.4). 

Thanks to 7.16 the inflation maps 

Inf,: H-(rs, D{M)) > R'^iGs, D{M) ® %) = H-(^s, M ® %) 

and 

Inf„: H-(r'5, D'{M)) > R^{Gs, D(M) ® ^^) = H"(G5, M ® 

in cases (2) and (4) of 3.4 are isomorphisms. Take a cocycle r in C'^~^{rsT D{M)). 
One constructs 5^ (infn-i(T)) as d [a (infrL-iir))) . On the other hand, 5'^{t) = (r, 0) in 
C^-Hrs,D{M))xC^{rs,D{M)) and c^q = (-l)"rf(cT(T)). Thus, 5^o(-l)— ijuf^.i = 
o (-1)^;. If {a, 13) is an n-cocycle in T*{D{M)), its image in H"(r^,D(M)) is the 
class of p. The image of c^^^ in H^(^5, M ®Zp %) is the class of /?+ (-l)"d(a(a)) i. e., 
of p. We conclude that the exact sequences (3.5.1) and (3.5.3) are compatible via 
and the inflation maps Inf^ and Inf^-i i. e., the following diagram commutes (the rows 
continue on the left and on the right): 



H''-^{Ts,D(M)) W(T'(D(M)) — > H^'iTs, D(M)) 

(-l)"-llnf„_i Inf 



H— i(e?5,M(8)z,%) ^ H"(^?5,M) ^ H-(^?5,M®z,%) 
An analogous argument implies that the exact sequences (3.5.2) and (3.5.4) are com- 
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patible via and the inflation maps Inf„ and Inf^_i. The proposition foUows. 

3.6 Proposition. The functors pi, pi, p\, p\, p\, p[, p^ and p^' are 5-functors. 

Proof: We use the notation of 3.4. We prove the proposition for r^. The proof for is 
similar. Let Mi M2 M3 — > an exact sequence of ^^-representations. We 
need to prove that the diagram 

H"(r*(L'(M3))) H'^+i(r*(L'(Mi))) 

Mr, M-i 

r. r- 

where S and S' are the connecting homomorphisms, commutes. 

Let {a,P) be an n-cocycle in T^'iDiMs)) = C''-\Ts,D{M3)) xC''{Ts,D{M3)). Let 
{a,b) e C^-Hrs,D(M2)) X C'iTs, D{M2)) be a lifting of {a,p). Then, S{{a,P)) is 
represented by d{a, h) = ((— 1)'^(<^ — 1)6 + da, db) and 

= + ° if - 1) + i-ir^'d{aida)). 

On the other hand, c^^^^^ = /? + d {a (a)) . Consider c^^,,) = 6+ (-l)"d((T(a)) 

in C'^(6;s, M2 %)• Then, 7 := c^^^^^ -(t(((^-1) (c^„ ,))) lies in C^iOs, M2). Further- 
more, it lifts c"^ since a (((/? — l)c|?^ ^-j) = because (a, (3) is a cocycle. Then, the class 
of 5'(c^^ is d'j. To compute it we may take the differential in C^{gs, M2 (8)Zp A-^) 
i. e., 

dc'la,b) - d<T{{v - l){c^a,b))) = db - d{a o {<p - l){h)) + {-ir^U{a{da)). 
Here, we used da[{(fi — 1) (d((T(a)))) = d[a{da)). The conclusion follows. 

Global Theory. 

4 Etale cohomology and relative ((/?, F)— modules. 

As in the Introduction, let X denote a smooth, geometrically irreducible and proper 
scheme over Spec(y). Fix a field extension C M C -ftT. In this section we review 
a Grothendieck topology on X, introduced by Faltings in [Fa3] and denoted Xm, and 
its relation to etale cohomology; see 5.8. We also define the analogue Grothendieck 
topology, 3£m on the formal completion X oi X along its special fiber. In this section 
we study p-power torsion sheaves on these Grothendieck topologies and compare their 
cohomology theories. The main result of this section is the following. Let L be an etale 
local system of Z/p^Z-modules on X^, for some s > 1. Fix a geometric generic point 
r\ of X^^ and denote by L the fiber of \J^^ (the corresponding etale local system on 
the rigid space X^^ attached to Xk) at ry. For every etale morphism lA — > X such 
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that U is afRne, U = Spf(i?i^), with Ru a small F-algebra (see §2) we let ©^^(L), 
Dj^(L), S^(L), Dj^(L) denote the respective (</?, r)-modules over Ru- For each z > 
the associations — ^ (T*(Dw(L))), W — ^ ff(T'(Dw(L))), W — ^ (T*(Sw(L))), 
— > ff(T*(Dw(L))) are functorial and we denote by W^'^'iJ.), W'^^{Vj, 7i^'t'^''(L) 
and 7Y*'*'^^(L) respectively the associated sheaves on X^^ . We have 

4.1 Theorem. There are spectral sequences 

where * stands for or t. Moreover, tie spectral sequence i) is compatible with the 
residual Gy-action on all of its terms. 

The proof of theorem 4.1 will take the rest of this section. 

4.2 Some Grothendieck topologies and associated sheaves. Following [Fa3, §4, p. 214] 
we define the following site: 

We denote by X'^ the small etale site of Xm and by Sh(X|^) the category of sheaves 
of abelian groups on X]^. 

The site Xm ■ The objects consists of pairs ([/, VF) where 

(i) U ^ X is etale; 

(ii) W ^ U 0v M is a finite etale cover. 

The maps are compatible maps of pairs and the coverings of a pair [U, W) are finite 
families {{Uct, VFa)}^ over (U, W) such that IlaL^Q, U and II^VFo, W are surjective. 
It is easily checked that we get a noetherian Grothendieck topology, in the sense of [Ar, 
1.0.1 & II. 5.1]. Note that one has a final object, namely (X^Xm)- Let Sh(XM) be the 
category of sheaves of abelian groups in Xm- 

Let X denote the formal scheme associated to X i. e., the formal completion of X 
along its special fiber. Denote by the small etale site on X and by Sh(A'®*) the 
category of sheaves of abelian groups on X^^. 

The sites U^'^'^^ and U^m ■ Let W — > A* be an etale map of formal schemes. Define U^'^^^ 
to be the category whose objects are pairs (W, L) where 

(i) L is a finite extension of K contained in M; 

(ii) W U"^ ®K is a finite etale cover of L-rigid analytic spaces; here U"^ denotes 
the i^-rigid analytic space associated to U. 

Define Homj^M.fot ((W, L'), (W, L)) to be empty if L ^ L' and to be the set of morphisms 
g: W' ^ W L' of L'-rigid analytic spaces if L C L' . The coverings of a pair (W, L) 
in U^'^^^ are finite families of pairs {(>Va,La)}a over (W, L) such that 11^ Wa W 
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is surjective. Define the fiber product of two pairs (W, L') and (W", L") over a pair 
(W, L) to be {W X w W", L'") with L'" equal to the composite of L' and L". It is the 
fiber product in the category U^'^'^^ 

Let IA2 Wi be a map of formal schemes over X . Assume that they are etle over X. 
We then have a morphism of Grothendieck topologies pui,U2-^i''^^^ ~^ U^'^'^^ given on 
objects by sending (W, L) (w x^rig ^2^^, . It is clear how to define such a map for 
morphisms and that it sends covering families to covering families. 

Let Sk be the system of morphisms in U^'^^^ of pairs (Vy',L') — > (W, L) such that 
g: W' — > W <8)l L' is an isomorphism. Then, 

4.2.1 Lemma. The following hold: 

i) the composite of two composablc elements of Su is in Suj 

ii) given a map U2 Ui of formal schemes etale over X , we have pui,U2 ('^Wi) ^ ^U2' 

iii) the base change of an element of Sk via a morphism in U^'^^^ is again an element 
of Su; 

iii) if /: (Wi, Li) — > (W, L) and g: (>V2, L2) (W, L) are morphisms lying in Su and 
if h: (Wi, Li) — > (W2, L2) is a morphism in U^'^^^ such that f = g o h, then h is 
in Su; 

Proof: Left to the reader. 

Thanks to 4.2.1 the category U^'^^^ localized with respect to Su exists and we denote 
it by U^M- Note that the fiber product of two pairs over a given one exists in and 
it coincides with the fiber product in U^^'^^^. The coverings of a pair (W, L) in lA^^ are 
still finite families of pairs {(Wa,i^a)}a over (W, L) such that IIq-Wq — W is surjec- 
tive. By 4.2.1 the category and the given families of covering define a noetherian 
Grothendieck topology. By abuse of notation we will simply write W for an object ( W, L) 

We recall that, given pairs (yVi,Li) and (W2,i^2) in one defines the set of 

homomorphisms 

Homj^fet((>Vi,Li),(>V2,L2)) := lim Hom^M.fet ((W, L'), (W2, L2)), 

where the direct limit is taken over all morphisms (>V',L') (>Vi,Li) in Su- Equiva- 
lently, due to 4.2.1, it is the set of classes of morphisms (Wi, Li) <— (W', L') — > (14^2, L2), 
where {W'^L') (>Vi,Li) is in Su, and two such diagrams (>Vi,Li) (yV",L') 
(>V2,-£'2) and (>Vi,Li) {W",L") (W2,L2) are equivalent if and only if there is 
a third one (Wi,Li) ^ (W",L'") ^ (^2,^2) mapping to the two. If (Wi,Li) ^ 
(W,L') ^ iW2,L2) and (^2,^2) ^ (W",L") ^ (Ws^Ls) are two homomorphisms, 
the composite (Wi,Li) ^ {W",L"') Ls) is defined by taking {W",L"') to be 

the fiber product of (W,L') and {W" , L") over (^2,^2). 

If W2 ^ Wi is a map of formal schemes over X and they are etale over X, due 
to 4.2.1 the map Pui,U2-^i^'^'^^ ~^ W^^'*^* extends to the localized categories and defines 
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a map of Grothendieck topologies — > Ul^\^ which, by abuse of notation, we write 

The site Xm- Define Xm to be the category of pairs {U, W) where W — > A" is an etale 
map of formal schemes and W is an object of A morphism of pairs (W, W") 
{U, W) is defined to be a morphism — > W as schemes over X and a map W 
W XifrigU "^^^ in Um^. a morphism is a covering if ZY' — > W is etale and surjective and 
W x^ris is a covering in U'^^K 

Remark that the fiber product (W", W") of two pairs (W, W) and {U", W") over a 
pair (W, W) exists putting W" := W XyU" and W" to be the fiber product in W^^^* 
of W x^/Hg U"2'^ and W" x^y, over W x^^Hg U'"''^. The pair (A", K))Js a 

final object in Xm- We let Sh(XM) be the category of sheaves of abelian groups on Xm- 

We remark that in all the categories Sh(_) introduced above AB3* and AB5 hold and 
the representable objects provide families of generators. In particular, one has enough 
injectives; see [Ar, Thm. II.1.6 & § II.1.8]. 



I 


Ux,M 


Xm 


Il.a 


VX,M' 




Il.b 


Vx,M- 




III 


IJ'X,M 


Xm 



4.3 Morphisms of Grothendieck topologies. One has natural functors: 
^ Mf^ with ux,MiU, W) := W; 

^ Xm given by vx,m{U) := {U, U^yM); 
. Xm given by vx,MiK) := (W, (W"*^, K)); 

-> Xm given by iJ'X,m{U,W) :— {U,{W,L)) where U is the formal 
scheme associated to U and if the cover W ^ U (8)y M is defined over a finite exten- 
sion K C L, contained in M, then W — > W"^ is the pull-back via W"^ — > C/"^ of the 
associated finite and etale cover of rigid analytic spaces W^^^ — > ?7"^. 

IV vx- — > given by vxiU) = U where U is the formal scheme associated to U. 

Let K C Ml C M2 C K be field extensions. Define 

V.a /?Mi by (3m„M2 (U, W) = {U, W ®M, M2) - 

V.b ^M^M^-- ^Kh ^M, by ;3m„M2(W, W) = (W, W). 

Due to the definition of Xm, the functors j-ix.M and (3mi,M2 are well defined. More 
precisely, given {U, W), the image Hx,m{U, docs not depend on the subfield L d M 
to which W descends. Analogously, given ZY G X^^ , then (3m-l,M2 sends the multiplicative 
system 5^/, used to define Xmi, to the multiplicative system Su used to define Xm2- 

It is clear that the above functors send covering families to covering families and 
commute with fiber products. In particular, they are morphisms of topologies, see [Ar, 
Def. II. 4. 5]. Given any such functor, denote it by g, we let and g* be the induced 
morphisms of the associated category of sheaves for the given topologies; see [Ar, p. 41- 
42]. Note that the functors above preserve final objects. Then, the induced functor g* 
on topoi of sheaves is exact by [Ar, Thm. II. 4. 14]. 
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We work out an example. If is a sheaf on Xm, then Hx,m,*{^) is the sheaf on Xm 
defined by ([/, W) ^ J^{lJix,M {U, W)). If JF is a sheaf on Xm, then ij,*^ m{^) is the sheaf 
associated to the separated presheaf defined by {U,W) ^ lim(y/ j^/) JF(?7', W) where 
the limit is the direct limit taken over all pairs (£/', W) in Xm and all maps (W, W) — > 
I^x,m{U', W) in Xm- 

Notation: If ^ is a sheaf on X^^ or is in Sh(X®*)^ (see section 5 for the definition), 
we write for respectively for 

If L is a locally constant sheaf on X^, we still denote L its push forward ux,m,*(^) £ 
Sh(XM)- It is a locally constant sheaf on Xm- 

If is a sheaf on Xm or is in Sh(XM)^, we denote by the pull-back A*x,m(-^)- 
Note that if ^ e Sh(XM) is locally constant, then J^^^ is also a locally constant sheaf 
on Xm- 

4.4 Stalks [Fa3, p. 214]. Let K^; be a finite field extension of K contained in K and 
denote by Vx its valuation ring. 

Fix a map x: Spec(Va;) ^ X of F-schemes and denote by x: Spec(y) X the 
composite of x with the natural map Spec(y) Spec(14:). Taking p-adic comple- 
tions, X (resp. x) defines a unique morphism of formal F-schemes x:Spf{Vx) — > X 
(resp. ^: Spf(F) ^ X). 

Let X t>e the the direct limit lim^ Ri taken over all pairs {(-R^, fi)}i where Spec(i?i) 
is etale over X and fi'.Ri V defines a point over x. Let be a sheaf in Sh(X^t). 
The stalk of at a; is defined as Tx = ^{^^xx) which we mean the direct 
limit lim^ J^(Spec(i?j)). 

Define Ox,x,m as the direct limit limj^j R'^ j over the pairs {{R'ij, R'ij — > V)}i,j where 
(1) R'i j is an integral J?i-algcbra and is normal as a ring, (2) R'^ j ®y X is a finite and 
etale extension of Ri (8>v M, (3) the composite Ri M ^ R'- ^ (8>y K ^ K is r(E) £ ^ 
fi{r) ■ £. If JF is a sheaf in Sh(XM) , we then write jFj, or equivalently T{Ox.xM ®v -^) 
for the direct limit limi^j jF(Spec(i?i), Spec(i?^ ^ ®v K)). We call it the stalk of JF at x. 

Let Gx,M be the Galois group of Ox,x,m ®y K over C^.x ®^ Then, JF^. is endowed 
with an action of Gx,m- 

Analogously, let O^^^ be the direct limit limj Si over all pairs {{Si, 9i)}iei such that Si 
is p-adically complete and separated V-algebra, Spf(5i) — > A" is an etale map of formal 

schemes and Qi'. Si — > V defines a formal point over x. If JF is a sheaf in Sh^A"®*), the 
stalk J^-^ oi at X is defined to be the direct limit J^i^O^^-^) := hmi^/ J'^(Spf(i?i)). 

Write C'^Y X M direct limit limj^j 5'^'^- over all triples {{S'i j, S'ij V , Lij)}ij 

where (1) Lij is a finite extension of K contained in M, (2) S'^ ^ is an integral ex- 
tension of Si and is normal as a ring, (3) S'^j <^v K is a finite and etale 5'^ <^v Lij- 

algebra, (4) the composite Si<^v Lij — > S^ji^yK — >• is a ® £ i— > gi{a) - £. Given 
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a sheaf T in Sh(3£M)5 denote by or equivalently T{p the direct 

limit hnij^j ^(Spf(5'i), (Spm(5'j' ®y K), Lij)^ We call it the stalk of at x. 

Denote by G-^ the Galois group of Oy^<Siv K over (!?!^^(8)\/M. Then, J"- is en- 
dowed with an action of 

x,M 

4.4.1 Lemma. Let k{x) (rcsp. k) be the residue Geld of Vx (resp. V) and denote 
by Xk-Spec{kx) Xk (resp. Xk-Spec{k) — > Xj^) the points induced by x (resp. x). 
Then, 

i. O^y^ coincides with the strict hensehzation of Oxx^ s^nd O^^^ coincides with the 
strict formal hensehzation of Ox,xkj 

ii. (C^xa;' (p)) (^1^^' (p)) noetherian henselian pairs and the natural map 

X ~^ ^'^ isomorphism after taking p-adic completions; 

iii. the base change functor from the category of finite extensions of C^x x' ^taie after 
inverting p, to the category of finite extensions of O^^^, etale after inverting p, is an 

X ,x 

equivalence of categories; 

iv. the maps 0%JvO%^ ^ Ox,xmIpOx,x,m - O^^ JpO^^^^ 
are isomorphisms. 

V. Frobenius on O i,^lpO is suriective with kernel ppQ „JvO 

X,x,Mi'^ X,x,M •> X,x,Mi'^ X,x,M 

Proof: (i) The strict hensehzation of Ox,xk is defined as the direct limit lim^ Tj over 
all pairs {{Tj,tj)}j where Spcc(Tj) is etale over X and tj-.Tj ^ /c is a point over Xk- 
In particular, we get a map O^x ~ linij -Rj ~^ ^Xxfe ~ -^^j -^j t>y associating to a 
pair (Ri^fi.Ri the pair (Ri, Ri ^ V ^ k). To conclude that such a map is 

an isomorphism it suffices to show that for any pair {Tj,tj) there is a unique map of 
F-algebras Tj — > V lifting tj and inducing the point x. The base change of Tj via x 
defines an etale F-algebra Aj and tj induces a map of F-algebras Aj — > k. By etalness 

of Aj the latter lifts uniquely to a map of F-algebras Ai ^ V which, since Tj is of finite 
type over V, factors via V. 

The strict formal hensehzation of Ox,Xk is defined as the direct limit limj Qj over all 
pairs {Qj, qj}j where Qj is a p-adically complete and separated V-algebra, Spf (Qj) —>■ 
X is an etale map of formal schemes and Qj'-Qj /c is a point over Xk- The proof 
that C^^^ is the strict formal hensehzation of Ox,Xk is similar to the first part of the 
proof and left to the reader. 

(ii) It follows from (i) that O^^x (^^sp. C^^) is a local ring with residue field k and 
maximal ideal rria; (resp. m^) generated by the maximal ideal of Ox,xk - particular, 
the graded rings gr^ O'x x g'^m--^^^^ noetherian so that O^^x O^^^ are 
noetherian. 

We claim that (O^^^, m-) is a henselian pair; see [El, §0.1]. This amounts to prove that 
any etale map O^^^ B, such that k = O^^-^/m^O^^-^ — >■ B/vcixB is an isomorphism, 

^ X,x ' X,x' X X X ' ^ f 1 
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admits a section. Note that there exists i and an etale extension Si A such that B 
is obtained by base change of A via Si ^J^- a:A/mxA B/m-xB = k the 

pair (A, a), where A is the p-adic completion of A, appears in the inductive system 
used to define the strict formal henselization of Ox,Xk that, thanks to (i), we get a 
natural map A —>■ O^^^ and, hence base-changing, a map of O®'^ ^-algebras B —>■ O^^^. 

Analogously, one proves that {O^^ x^'^x) is a henselian pair. 

Note that p is contained in rria;, so that (Cx,x5 (p)) (^J^' ^'P^) henselian 
pairs. Let Cx » ¥p,xj, be the strict henselization of the local ring of X ®v V/pV at Xk- By 
construction we have natural injective maps O^xx/P^JCx ~^ C^^^/pC^^^ ^ ^xc^Fp x^- 
We claim that such maps are isomorphisms. It suffices to show that the composite is 
surjective. Using (i) this is equivalent to prove that the map from the strict henselization 
of Ox,xk strict henselization of Ox Fp,Xk surjective. This amounts to show that 

given an etale map /: Spec(i?) — > Ox i^Fp,xkJ there exists an etale map ^:Spec(5') 
^x,xk reducing to / modulo p. By the Jacobian criterion of etalness we have R = 
Ox®Yp,xATi.- ..,Td]/{hu...,hd) with det {dhi/dT^f^.^^ invertible in R. Then, S := 

Ox,xk • • • > Td]/{qi, ...,qd) det (%/aTj)~^] , with qi lifting hi, is an etale Ox,xk- 
algebra and lifts R as wanted. Since p is not a zero divisor in O^^x ^J^' 
conclude that the graded rings gr^O^c ^ ^^'^ &p^^^^ ^re isomorphic, concluding the 
proof of (ii). 

(iii) Let Cf ^ (resp. Cj^) be the j^^adic completion of O"^^^ (resp. C'J^). Thanks 

to [El, Thm. 5] one knows that the category of finite extensions of C^a;' stale after 
inverting p (resp. the category of finite extensions of C'^^, etale after inverting p), is 

equivalent to the category of finite extensions of x ~ ^J'"' ^^^^^ after inverting p. 
The claim follows from (ii). 

(iv) The first claim follows from (ii). The second follows from the first and (iii). 

(v) Note that e O^^ for every a e Q>o- It follows from [Fa3, §3, Lemma 5] 
that Frobenius is surjective on C'^^^/p^O^^^ for every < a < 1. Let a e ^xxM' 

Write a = If +ppc with b and c G O^^j^. Write c — (F -\- p^~pe with e G ^x'^m- 

1 ' ' ' ' 

Then, a = {b + pp^ dy modulo P^x'x m' 

Let a e O^-^ be such that e pO^^^^. Then, ^ = (^^^ lies in O^^^^. 
Since the latter is a normal ring, this implies that -t- G O as claimed. 

^ X,x,M 

4.4.2 Proposition. The notation is as above; 

1) a sequence of sheaves J-" Q Ti, on X^^ (resp. Xm, resp. X^^, resp. Xm) is exact if 
and only if for every point x of X , defined over a finite extension of K, the induced 
sequence of stalks Tx ^ Qx ^ T^x (resp. ^ '^x^ exact; 
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2) let T be in Sh(Xe*). Then, i^xi^)- = T^; 

3) if T is in Sh(XM), then, ^Xm{^)^ ^ T^; 

4) fix &e\d extensions K <Z Mi <Z M2 <Z K. Then, Pm^^m2 f^esp. /^m^ Mz^ ^ Basque 
sheaf is Basque. Furthermore, if is in Sh(XMi) fresp. T is in Sh(XMi) then one 
has natural identifications: 

b) if Ml c M2 is GaJois witi group G, then HO(Xmi,:^) = {^m^, /3*m,,mA^))^ 
(resp. HO(Xm,,-^) = {^M,.d*M,,M,i^)Y )■ 
Assume that is contained in M. Then, 

5) we have a natural isomorphisms G-^ ^ = G^^m and, if T is in Xm, the isomorphism 
l^x m(-^)^ — compatible with the actions of G^ and Gj^^m 

6) let T be a sheaf in Xm- Then, {R'^vx,m,*{J^))^ = ^''{Gx,m,^x); 

7) let Tbea sheaf in Xm- Then, {WvxmA^))-^ = HH<^^,m' ^x)- 

Proof: (1) In each case it suffices to prove that a sheaf is trivial if and only if all its 
stalks are. 

We give a proof for a sheaf on Xm and leave the other cases to the reader. Let J-' e 
Sh(XM) such that for every point x of X, defined over a finite extension of K, we 
have = 0. Let {U, W) G Xm and let a G J^{U, W). Then, for every x: Spec(14) U 
and every point y: Spec{Ky) — > W over x which exists since W Um is finite, 

there exists {Ux, Wy) E Xm and a map (Ux-, Wy) {U, W) such that (1) x ®y V factors 
via Ux, (2) y<SiK K factors via Wy and (3) the image of a in J^{Ux, Wy) is 0. 

Choose finitely many points xi, - ■ • ,Xn and yi, . . . ,yn such that Uf^-^{Uxi, ^Vi) ~^ 
{U, W) is a covering of {U, W) in Xm- Since is a sheaf, the homomorphism J^{U, W) — > 
Yii=i ^{Ux^, Wy^) is injective. Hence, a = to start with. 

(2) Since any sheaf is the direct limit of representable sheaves and direct limits 
commute with and with taking stalks, we may assume that is represented by an 
etale X-scheme y — > X. In particular, i^xi^) represented by the formal scheme y 
associated to Y. Let Yx (resp. y^) be the pull back of Y (resp. y) to Spec(Ox,x) 
(resp. Spec(C^^)). We then have the following diagram 

^*x{px 

Homo,_^ {Oy^ , 0%^) Homo ^ (Oy^, O J^) Hom^ {Oy^ ®vk,k). 

By 4.4. l(i) these maps are bijective as claimed. 

(4) If JF is in Sh(XMi), then M2^-^) sheaf in Xm2 associated to the prcshcaf 

/^Mi M2^'^^ defined by {U,W) ^ \im.J^{U',W') where the limit is taken over all the 
pairs {V , W) in Xmi and all the maps {U, W) {U', W ®Mx M2). This is equivalent 
to take the direct limit over all pairs {U, W') in Xmi and over all map {U, W) {U, W) 
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as C/mi ^schemes. If Mi C M2 is finite, there exists an initial pair, namely ([/, W) it- 
self, viewed in via the finite and etale map W ^ U ®v M2 U ®v Mi, so that 
/^Mi M2(-^)(^' ^) ^ -^(^7 general, there exists a finite extension Mi C L con- 

tained in M2 and a pair (t/, Wl) in such that W = Wl ®l -^2- Since any morphism of 
pairs in descends to a finite extension of Mi, we conclude that (3^ ^ W) = 

T{U, Wl®lM2)i defined as the direct limit limx,/ !F{U, Wl ®l L') taken over all finite 
extensions L C L' contained in M2, considering (U, Wl<SilL') in Xmi via the finite and 
etale map Wl ®lL' ®v L ^ U K. In any case, we conclude that /?^^ {T) is 
already a sheaf i. e., M^^i-^) ~ ^Mi M^i-^)- Furthermore, preserves flasque 

objects and satisfies (a). 

For (b), recall that and have final objects so that global sections can be 
computed using the final objects. Since ~^ is a limit of finite and etale covers 
with Galois group G and JF is a sheaf on Xmi, one has J-'{X, Xmi) = ^{X, Xm2)^ ■ 

Then, HO(Xmi,^) = ^(X,XmJ = J^(X,XmJ^ = (Xm„ /91^,,m,(-^))'' and (b) 
follows. 

A similar argument works for Pm^^m2 - Details are left to the reader. 

(3)&:(5) The first claim in (5) follows from 4.4.1(iii). To get the second claim and (3), 
one argues as in (2) reducing to the case of a sheaf represented by a pair {U,W), so 
that fJ*x,MiU, W) = {U, W, L), and using 4.4.1(iii). 

(6) Consider the functor Sh(XM) {Gx^m — Modules), associating to a sheaf JF its 
stalk jFj,. It is an exact functor. Recall that JF^ = lim^.j jF(Spec(i?j), Spec(i?^ ■ ®y K)). 
Thus, the continuous Galois cohomology H*(Gx,m,^x) is the direct limit over i and j 
of the Chech cohomology of relative to the covering 

(Spec(i2,), Spec(i?^^^. ®v K)). In 
particular, if T is injective, it is flasque and W^{Gx^m,^x) = for > 1. 

Both {(R^VA:',M,*(^))j.}g and {^{'^{Gx^Mt^x)} ^ are 5-functors from Sh(XM) to the 
category of abelian groups. Also (R^VAr.M,*!-^))^, is zero for > 1 and T injective. 
For = we have 

(RV,m,*(-^)), = lim.F(Spec(i?,),Spec(i?,®K)) =^(Ox,a.,M®i^)''"". 

This proves the claim. 

(7) The proof is similar to the proof of (6) and left to the reader. 

4.4.3 Lemma. We have the following equivalences of 5-functors : 
i. R^(^'x o vx,M,*) = Vx° ^'^vx,M,* and R^(va',m,* o A*x,m) = (R^^a',m,*) o A*x,m/ 
n. V*xO'R'ivx,M,*^i^'^Vx,M,*) ° IJ-^x^M- 

Proof: (i) Since Vx and ijl*x m are exact and vx,m,* and vx,m,* are left exact, the derived 
functors of Vx ° vx,m,* and vx,m,* ° I-I'x,m exist. By 4.4.2 we have 
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and 

This imphes that if is injective, ly^ (R''^vx,m,*{^)) — and R^va',m,* (a*xm(-^)) — 
foT q > 1. Hence, R'^{i'x ° ^x,M,*) = I'x ° R-^^x.m,* (resp. R^(vAr,M,* o /^x.m) = 
R^^^Af,M,* ° f^x m)- Indeed, they are both 5-functors since (resp. A*xm) exact, 
they are both erasable and they coincide for q = Q. 

(ii) We construct a map 7^^: ('i^x,M,*(^)) — ^ vx,M,* (a*xm(-^)) functorial in JF. 
The sheaf z/^ (fx,M,*(^)) is the sheafification of the presheaf J-'i which associates to 
an object U in X'^^ the direct limit lim J^{U, Uk) taken over all U e and all maps 
from U to the formal scheme associated to U. On the other hand, the presheaf '■= 
vx,M,* {l^*x m(-^)) m(-^) taken as presheaf) associates to W e the direct limit 
\im.T{U, W) over all (t/, W) in Xm and all maps from U to the formal scheme associated 
to U and from to the rigid analytic space defined by W^^^ x^/rig W"^. We thus get 
a morphism at the level of presheaves J-2- Passing to the associated sheaves we 

get the claimed map. 

The map 7j!r induces BJ^^ir- R'^{i^*x°vx,M,*){J^) — ^ R'i{vx,M,*^°l^x,M){^)- Using (i), 
we get a natural transformation of 5-functors as claimed in (ii). We are left to prove that 
it is an isomorphism. This can be checked on stalks and, as explained in the proof of (i), it 
amounts to prove that for any sheaf T one has H*? (Gx,m, ^x) — {pxM^ l^x m{-^)x^ ■ 
The conclusion follows since ^*x^Mi^)x~ ^^"^ Gx,m — m thanks to 4.4.2. 

We next show that the sites introduced above are very useful in order to compute 
etale cohomology: 

4.5 Proposition. (Faltings) Let L be a Rnite locally constant Stale sheaf on Xm 
annihilated by p^. For every i the map W (3£m,IL,) — ^ H* [X^^'h), induced by ux,m, 
is an isomorphism. 

Proof: [Fa3, Rmk. p. 242] Put Gm '•— Gal(K/M). We have a spectral sequence 

H^'(G'M,H<'(^f ,L) =^ B.P+i{X^^,I.) 
and, thanks to 4. 4. 2(4. b), a spectral sequence 

H^' {Gm, H'^(%, L) =^ RP+'i (Xm, L) . 

Hence, it suffices to prove the proposition for M = K. Let z-^j^: X^^ — > X^ be the map 
U ^ U<^vK. One knows from [Fal, Cor. n.2.2] that Spec (Of ®y K) is K{7r,l). 
Hence, the stalk {Ri z ^ ^(L)) ^ is H«(G^ L^) . By 4.4.2 also the stalk {R^v^-^ ^{h)) ^ 
coincides with H5(G^ La;). Hence, R'^z-^^ ^(L) = R'^v-^j^ ^(L). Using the spectral 
sequences 

}iP{X-\ R^z^^-^^^ih)) =^ RP+'i (X§, l) , H^(X*=S R''^^^^^^(L)) =^ RP+i (xf , l) 
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the proposition follows. 

4.6 Comparison between algebraic cohomology and formal cohomology. Since is an 
exact functor, given an injective resolution /* of J^, then — > I'xi-^) ~^ ^x(-^*) exact 
so that given an injective resolution J* of J^^°^"^ = z/^(jF) we can extend the identity 
map on to a morphism of complexes z/^(/*) J*. Since ux sends the final object X 
of X'^^ to the final object X of X'^*, one has a natural map I*{X) Then, 

4.6.1 Definition. One has natural maps of d-functors 

Note that one has spectral sequences 

li'}{X'\RPvx,MA^)) =^ HP+^(Xm,^), (4.6.1) 

and 

li'^{X'\u*xRPvx,MA^)) = B.%X'\RPvx,M,*{^''''')) => HP+^(Xm,^"^). (4.6.2) 
where the equality on the left hand side is due to 4.4.3. 

4.6.2 Proposition. The following hold: 

a. If T in Sh(X*^*) is torsion, the map p\ xi-^) isomorphism. 

h. the spectral sequences (4.6.1) and (4.6.2) are compatible via Px x p^^^^ ; 

c. if T is a torsion sheaf on Xm, the map ^ (J^) is an isomorphism. 

Xm ,Xm 

Proof: (a) Let Xk := X (^v k and denote by l: X""^ and T: X""^ the 

morphisms of topologies induced by the closed immersions Xk C X and Xk C X 
respectively. In fact, T is an equivalence, since the etale sites of X and of Xk coincide, 
and To vx = t- For any sheaf on X^^ denote J^k '■= or, equivalently, T* (jF^o>^™) . 

We then have iii{X''\J^) Ri (X''^ J^^^"^) ^ H«(Xf where the first map is p^. 
The composite is defined by restriction and is an isomorphism if .7-" is a torsion sheaf 
due to [Ga, Cor. 1] and the fact that X is proper over V. The conclusion follows. 

(b) left to the reader. 

(c) The left hand side of the spectral sequences (4.6.1) and (4.6.2) are isomorphic 
by (a) since RPvx,m,* sends a torsion sheaf to a torsion sheaf. The conclusion follows 
from (b). 
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4.6.3 Corollary. Let L be a locally constant sheaf on Xm annihilated by p^. Then, 
the two sides of the Leray spectral sequences 

and 

obtained from the morphisms of topoi vx,m'^m ^'^^ ^ind vx,m'^m ^ire 
naturally isomorphic. 

Proof: The statements follow from 4.6.2. 

4.7 The proof of Theorem 4.1. The proofs of i) and ii) are very similar therefore let 
us prove i). It follows from 3.3 that 7i^'^®(L) is the sheaf associated to the functor: 

U = Spf{Ru) — > (7rf^(W^^?7),L) where U ^ X run through the etale maps such 
that U = Spf(i?z^) is affine and Ru satisfies the assumptions of 2.1. Therefore its stalk 
at a point x of X can be described as follows: 

On the other hand for every small U = Spf(i?z^) we have a natural, functorial map 
which induces a morphism of sheaves on A*®* 

For every point x of X the map oi- induced by ai on stalks is the canonical morphism 

which by proposition 4.4.2(7) is an isomorphism. Therefore, a* induces an isomorphism 
of sheaves on A"^*: 7i^'^'^(L) ^ K'^v.^j^^{'U'-^) and, thus, the Leray spectral sequence 
produces the spectral sequence 

By 4.6.3 

and by 4.5 

All these isomorphisms are equivariant for the residual action of Gy- This proves the 
claim. 
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5 A geometric interpretation of classical (<^,r)— modules. 

Let the notations be as in the previous section and fix as before M an algebraic ex- 
tension of K contained in K. In this section we work with continuous sheaves on 
all our topologies (see §4). We define families of continuous sheaves denoted Oxmj 
TZ[Oxm)j ^hiii^x^ivr) call them algebraic Fontaine sheaves on Xm (respectively 
Oc: , TZ iOc: ) , Af. [O^ ) called analytic Fontaine sheaves on Xm) and study their 
properties. In this section we compare the cohomology on Xm of an etale local system 
L of Z/p*Z-modules on Xk tensored by one of the algebraic Fontaine sheaves with the 
cohomology on Xm of its analytic analogue. As a consequence we derive the following 
result. 

Let us fix M = = K{npoc) and consider the following sheaf Too '■= L^'^ (g) 

5.1 Theorem. We have natural isomorphisms of classical (</?, T)-modules 
for all i >0. 

The proof of theorem 5.1 will take the rest of this section. 



5.2 Categories of inverse systems. We review some of the results of [Ja] which will 
be needed in the sequel. Let A be an abelian category. Denote by A^ the category 
of inverse systems indexed by the set of natural numbers. Objects are inverse systems 
{An}n :— ... An+i An . . . A2 — > Ai, where the AiS are objects of A and the 
arrows denote morphisms in A. The morphisms in A^ are commutative diagrams 

An+i An ... A2 Ai 

J, J' J' J' 

Bn+1 Bn ••• B2 Bi, 

where the vertical arrows are morphisms in A. Then, A^ is an abelian category with 
kernels and cokcrncls taken componentwise and if A has enough injectives, then A^ 
also has enough injectives; see [Ja, Prop. 1.1]. Furthermore, there is a fully faithful and 
exact functor A — > A^ sending an object ^ of ^ to the inverse system {A}n :=...—> 
A ^ A ... ^ A with transition maps given by the identity and a morphism f: A ^ B 
of A to the map of inverse systems {A}n — ^ {B}n defined by / on each component. 
By [Ja, Prop. 1.1] such map preserves injective objects. 

Let h: A ^ B he a, left exact functor of abelian categories. It induces a left exact 
functor h^:AJ^ which, by abuse of notation and if no confusion is possible, we 

denote again by h. If A has enough injectives, one can derive the functor h?^ . It is proven 
in [Ja, Prop. 1.2] that W{h^) = {YCh)^ . 
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If inverse limits over N exist in B, define the left exact functor lim/i: A — > B as the 
composite of and the inverse limit functor lim: B. Assume that A and B have 

enough injectives. For every A = {An}n £ A^ one then has a spectral sequence 

lim(p)R^/i(A„) =^ RP+'^ {lim h{A)), 

where lim^^^ is the p-th derived functor of lim in B. If in B infinite products exist and 

are exact functors, then lim^^-* = for p > 1 and the above spectral sequence reduces 
to the simpler exact sequence 

— > lim^^^R'-^ h(An) — > R'{\imh)(A) limR*/i(^„) — > 0; (5.2.1) 
see [Ja, Prop. 1.6]. 

Note that via the map A ^ A given above, if A e A then R'h^{{A}n) = 
{R'h{A)}n and RMim/i({A}„) = R'h{A). 



5.3 Example [Ja, §2]. Let G be a profinite group. Let A be the category of discrete 
modules with continuous action of G and let B be the category of abelian groups. For 
every j let W{G,:}:A^ ^ B he the j-th derived functor of limH°(G,_) on A^ . By 

loc. cit. for every inverse system T = {T^}n £ A^ we have an exact sequence 

— > liV^)ff-^(G,T„) — > (G,T) — > limff (G,T„) — > 0. (5.3.1) 

Moreover given {{Nn, rfn)}n £ ■, one computes lim^"'^^A^„ as the cokernel of the map 

J](Id - dn): l[Nn ^ n (^•^•2) 

n n n 

For later use we remark the following. Assume that each is a module over a ring C and 
that dn'- Nn+i Nn is a homomorphism of C-modules. Suppose that for every n there 
exists an element G C annihilating the cokernel of dn- One then proves by induction 

on m G N that the cokernel of nn(-'-*^ ^ ^ri)'-Y[n<m YlnKm^n is annihilated 

^ ~ 1 

by ci ■ ■ • Cm- In particular, if C is a complete local domain and Cn = cp^ G C for every n 
with c in the maximal ideal of C, then = Ylm annihilates lim^ Nn- 

For every {{Tmdn)} G A^ one defines H;^ont 1™ ) as the continuous coho- 
mology defined by continuous cochains modulo continuous coboundaries with values 
in lim endowed with the inverse limit topology considering on each T„ the dis- 

00 < — n 

Crete topology. As explained in [Ja, Pf. of Thm. 2.2] there exists a canonical com- 
plex D*{G, Tn) whose G-invariants define the continuous cochains C*{G, Tn) of G with 
values in Tn and such that each D^{G, Tn) is G-acyclic. This resolution is functorial so 



35 



that we get a resolution 



The continuous cohomology H* hm T„) is obtained by applying lim B.^{G, _) to 

oo<— n oo-t—n 

this resolution and taking homology. Due to (5.3.1), since D'^{G,Tn) is G-acyclic, we 
have 

r if z > 2 

K,n,{G, (L»^(G,T,),4)) = \ hmli) C^(G,T„) for z = 1 (5.3.3) 

(limoo^n C^{G,Tn) iii = 0. 

In particular, if the system {T„}n is Mittag-Leffler, then {D^ {G,Tn),dU is acyclic for 
every j and we obtain 

K,^,{G, lim T„)^ff(G',T). 

^ oo<— n ' 

Next, assume as before that there exists a complete local domain C such that T„ is a 

C-module and dn is a homomorphism of C-modules. Suppose also that there is c in the 

1 1 

maximal ideal of C such that c^" G C and cp" annihilates the cokernel of dn- Then, 
cp^ annihilates also the cokernel of C*(G, T^+i) C'^{G,Tn) so that annihilates 
Hcont(^' (-D-^ (G, T„), dU). This implies that if we invert c we have an isomorphism 

K,,,{G, lim Tn) [c-']^WiG,T)[c-']. (5.3.4) 



5.4 Fontaine sheaves on Xm and 3£m- We now come to the definition of a family of 
sheaves on Xm and Xm which will play a crucial role in the sequel. See 5.8. 

5.4.1 Definition. [Fa3, p. 219-221] Let Oxm ^'^ sheaf of rings on Xm dehned 
requiring that for every object {U, W) in Xm the ring Oxm {U, W) consists of the nor- 
maUzation of r([/, Ou) in r{W, Ow) ■ 

Denote by 71(^Oxm) sheaf of rings in Sh(XM)^ given by the inverse system 
{^Xm /p^Xm}> where the transition maps are given by Frobenius. 

For every s G N define the sheaf of rings A'^^ ^ {'^Xm) Sh(3£M)^ as the in- 
verse system { W, {Ox,, /pOx ) } • Here, W, {Ox^ IvOxm ) tie sheaf {px^ IvOxm ) ' 
with ring operations defined by Witt polynomials and the transition maps in the in- 
verse system are defined by Frobenius. Define {Oxm) to be the inverse system 
of sheaves { (O^m/p^Xm) }^ where the transition maps are defined as the com- 
positeof thej)rojection Wn+i{OxM /p^Xm) ^ ^^(Oxm/pC'xm) and Frobenius on 
■Wn{Ox^/pOx^). 

Similarly is the sheaf of rings on Xm associating to an object {U, W, L) in Xm 

Xm 

the ring 0{U, W) defined as the normalization of V{U, Ou) in r(W, Cw) ®lM. 

Let TZ {Oi^^ be the sheaf of rings in Sh(XM)^ given by | (O^^^/pO^^^) |, where 
the inverse system is taken using Frobenius as transition map. 
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For s e N define the sheaf of rings ^ ) Sh(XM)^ as the inverse sys- 

tem \Ws(0^ IpO^ ) \ with transition maps given by Probenius. Eventually let 

A^f (^Xm) Sh(XM)^ be the sheaf |Wn(Oj^/pOj^) | wiiere tiie transition maps 
are defined as the composite 

where the first map is the natural projection and the second is Forbenius. 

We denote by (p the Frobenius operator acting on the sheaves, or inverse systems of 
sheaves, introduced above. 

5.4.2 Remark. Note that if X = F and M = Z, one has H|?„„t ((]/, K),n(0^)) = E±, 
H°oot {iy,KlAl,^^{0^)) = W,(E+) and H^.^, ((F, ¥), A+f (^k)) = ^■ 

For later use, we recall that we denote by tt the element [e] — 1 of where e is the 
element (1, Cp, Cp^, • • •) G and [e] is its Teichmiiller lift. 

5.4.3 Notation. If JF is in Sh(XM)^ (resp. Sh(XM)) write H^qjj^(Xm,^) (respectively 
Hcont(-^M, ^)) for the i-th derived functor limH^(XM,-) (resp. limH'^(XM, -)) applied 

to JF. Note that if JF = {G}n with Q G Sh(XM) (resp. in Sh(XM))5 then H*qjj^.(Xm5 = 
(Xm,6^) (resp. H^,,,(Xm,-F) = (Xm,6^)). 

5.4.4 Lemma. One ias A^^tA'^^MY'^^^tniA'^XM'^ ^^^^^ * = sGNor* = 0. 

Proof: Consider a pair {U,W) in Xm, with W defined over some finite extension K C 
L contained in M. Recall from section 4 that fJ,x,M{U,W) := {U,W,L). We have a 

natural map {U, W) — > fJ^x,M,* (O^^^ {U, W) from the normalization of r{U, Ou) 
in r(W, Ow)®lM to the normalization of r(W, Ou) in r(>V, Oyy;) ®l M. This induces a 
natural map Oxm ~^ IJ'X,m,* {O) and, hence, a map /i^ m (a*x,m,* 
coming from adjunction of fix,M,* and //^c m- ^® then get a homomorphism 

We claim that these maps are isomorphisms. It suffices to prove it componentwise and 
by devissage it is enough to show that A*x m ( m * ( /pOi^ ) ) — O:^ IpOi^ 

' , 5 y Xm' Xm J J Xm' Xm 

is an isomorphism. Due to 4.4.2(3) this amounts to prove that, for every point x of X 
as in 4.4, the natural map Ox,x,m/pOx,x,m ^x,x,m/p^x,x,m isomorphism. 
This follows from 4.4.1(iv). 

5.4.5 Lemma. We have the following equivalences of d-functors : 
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ii. ^i''oR«^N^^,^(R^?;N^ Jo;,;^^. 
Proof: The result follows for lemma 4.4.3 and 5.2. 



5.5 Comparison between algebraic and formal cohomology of continuous sheaves. Since 
i^^'^ is an exact functor, as in section 4.6, given an injective resolution /* of a continuous 
sheaf JF, then ^xi-^) ~^ ^x^i^*) is exact so that given an injective resolution J* 

we can extend the identity map on to a morphism of com- 
plexes z/^ (/•) — > J*. Since ux sends the final object X of X^^ to the final object X 
of A' , one has a natural map r{X) Then, 

5.5.1 Definition. One has natural maps of 5-functors 
and 

Note that one has spectral sequences 

HLnt(^^NR^^X,M,*(-^)) =^ Koli^M.n (5.5.1) 

and 

(5.5.2) 

where the equality on the left hand side is due to 5.4.5. 

5.5.2 Proposition. The following hold: 

a. If T is a torsion sheaf on Sh.{X^^)^ , then a"'^!-^) isomorphism. 

b. the spectral sequences (5.5.1) and (5.5.2) are compatible via Px a"'*^ p'^'^^^'Z'^'^ ; 

c. if T is a torsion sheaf in SIh^Xm)^ , the map p^°"^^'l [T) is an isomorphism. 

Proof: (a) follows from 4.6.2 (a) and the exact sequence (5.2.1) noting that the inverse 
limit of a torsion inverse system of sheaves is itself torsion; (b) is left to the reader; (c) 
is proven similarly to 4.6.2 (c). 

5.5.3 Corollary. Let L be a locally constant sheaf on Xm annihilated by p^. Then, 
the two sides of the Leray spectral sequences 

38 



and 

are isomorphic. 

Proof: The statements follow from 5.5.2 and 5.4.4. 



5.6 Proposition. (Faltings) Let L be a Bnite locally constant Stale sheaf on an- 
nihilated byp^. For every i the kernel and the cokernel of the induced map of Ws(E±-)- 
modules 

W (X^, L) W, (E+ ) . H^,,, (X^, L ® A+,^^ {0^_) ) 

are annihilated by the Teichmiiller lift of any element in the maximal ideal ofEy. 

Proof: By devissage one reduces to the case s = 1. The statement follows then from [Fa3, 
§3, Thm. 3.8]. 

5.7 Proposition. We have a commutative square 

II 

lim^ (^%, L"g) ® W, {V/pV) > lim^ (x^, L"g ® W, (o^_/pO^_) ) , 

where the inverse limits are taken with respect to Frobenius. The kernel and the cokernel 
of any two maps in the square are annihilated by the Teichmiiller lift of any element in 
the maximal ideal of Ei. Furthermore, each map 

W (%, L"g) ® W, {V/pV) > W (%, W, (o^_/pO^_) ) , (5.7.1) 

appearing in the inverse limits in the displayed square, has kernel and cokernel annihi- 
lated by the Teichmiiller lift of any element in the maximal ideal of Ei. 

Proof: We first of all construct the maps in the square. The top horizontal map is defined 
by the natural map L''^^ 17^^ ® ^ (^^x—) ' Similarly, the lower horizontal arrow 

is induced by the map U'^ L"S(g) fe_/p^9_)- Note that H^^j^tl^K'-) is the 
composite of the functors limHN(X;^, _). This gives a spectral sequence in which the 
derived functors lim^*^ of lim on the category of abelian groups appear. Since lim^*^ = 
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for i>2, see [Ja, §1], we get an exact sequence 
^ lim(i)Hj^i (X-^, ^ w, (p^_/pO^_) ) (0^_) ) 

limHjsr (%, ® W, (^j_/pW, ) ^ 0. 

This provides the right vertical map in the square. Clearly the square commutes. The 
fact that the top horizontal arrow has kernel and cokernel annihilated by the Teichmiiller 
lift of any element in the maximal ideal of follows by 5.5.3 and 5.6. The equality 

on the left hand side follows since (sij^, U'-^^ is a finite group being isomorphic 
to (x^, l) by 4.6.3 and 4.5. 



To conclude the proof, it suffices to show that the kernel and cokernel of (5.7.1) are 
annihilated by the Teichmiiller lift of any element in the maximal ideal of Ei. We may 



V 

>m 



reduce to the case s = 1. For any integer m > 1 let be the inverse 

system < ^x—l^^x— i where the transition maps are the identity in degree > m and 

are Frobenius in degree < m. Let Pm'T^ {^x—} — ^ (^x— /^^x— ) "^^P 

inverse systems whose n-th component is ip'^~'^:0^_/pO^_ — > Oj^/pO^ for n > m 

and is the identity for n < m. We claim that Pm is surjective. It suffices to check it 
componentwise and, for each component, to check surjectivity of <^": Oi^_/pOi^_ 

Oi^_/pO^_ on stalks. This follows from 4.4.1(v). Consider ttq TZ \ Oi^_\ with ttq := 

1 J_ m / \ 1 

{p,pp ,pp^ ,•••). Then, tTq TZ I Oi^_ ) is the inverse system {pp"^-"^ Oi^_/pOi^_}n with 

transition map given by Frobenius. We claim that Ker(/?) = tTq TZ (^O^^. This also 

can be checked component-wise, for each component it can be checked on stalks and it 
follows from 4.4. l(v). Note that 

Indeed, by [Ja, Prop. 1.1] an injcctive resolution of {Oi^_/pO'^_)-'^ is given by an 
injective resolution of each component of this inverse system which is constant in de- 
gree n > m. Take the long exact sequence of the groups tllo^t (^k' -) associated to the 
short exact sequence 
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We get the exact sequence 

Hcont (^K . ® 7^ (o-_) ) ^ H^„„, (x^, L^^'s ® 7^ (o j_) ) 



if 



which we will compare with the exact sequence 

pin 

> (%,L"s) ®E+^H*+i (%,L"s) ®E. 



via the maps fj : H^' (^%, L^^ig) (g) E± ^ H^„„t (%, ® 7^ ) defined in 5.6 

for j = ioTj = i + l. 

Set 5-1 = and let us denote for the rest of the proof := 17^^ <Si Oi^_/ pO'^_, Q := 
L^'g (g) 7?.(09_) and E := Ei. Fix m > 1 and z > and consider the diagram 

p"* 

Let US remark that the right square of the diagram is commutaive and that the rows 
are exact. We claim that the image of 5i is annihilated by every element of the maximal 
ideal of E, i.e. that 5i is "almost zero" . For every e e Q with e > let us denote by ttq 
any element r of E such that v-E{r) = e. Let us fix any such e and let x e H^^j^^ ^^k' • 
Denote by y = Si(x) e Ker(7rQ ). As the cokernel of /j+i is annihilated by any element of 
the maximal ideal of E, ttq^^j/ = fi+i{t) for some t e H*+^ (^^IT' I^'^^^^ ® E and therefore 

= tTq (tTq y) — tTq /j_|_i(t) = /i-|-i(7rQ t). As the kernel of fi^i is also annihilated 
by every element of the maximal ideal of E we have = ttq (ttq t) = tvq (ttq t) and 
because multiplication by tTq is injective on the top row of the diagram, we deduce 
TTQ^^t = 0. Thus 7rQSi{x) = tTq^'^ {fi+i{t)) = fi+i{7rQ^'^t) = 0, which proves the claim. 

Now we consider the diagram. 

p™ 

^ (^%, L"g) ® E ^ (^%, L"g) (8) E ^ (^%, L"g) ® F/pF ^ 

/i i pin /i i 9i i 

^ H^„„, 6?) /M,_i ^ H^ont(^K>6?) ^ H^ont(^K'-^)^^i 

where for every z > we denoted by Mi the image of Si in H^^j^^- ^X;^, and /j is the 
composition of fi with the natural projection. It is clear that the diagram is commutaive 
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and the rows are exact. Moreover, the snake lemma and the fact that 5j o = give 
the following exact sequence of E-modules. 

Ker(/,) ^ Ker(^,) ^ Coker(7j ^ Coker(/0 ^ Coker{g,) ^ M^. 

As Coker(/j) is a quotient of Coker(/i), we deduce that the modules Ker(/i), Coker(/J, 
Coker(/i) and Mi are annihilated by every element of the maximal ideal of E, and 
therefore the same holds for Ker(gfj) and Coker(gfi). This finishes the proof of Proposition 
5.7. 

5.8 Theorem. Let L be a locally constant sheaf on Xm annihilated by p^. We have a 
first quadrant spectral sequence: 



If M = K, there is a map of (E^) -modules 

H'^(Xf ,L) ® W(E+) . H-,,, (X^,L® A+f,s(^xg) , 

which is an isomorphism after inverting tt. 

Proof: The first spectral sequence abuts to H^+^'t (xM,'L''^^A^^^^^(o^^^y The first 
statement follows then from 5.5.3. The second one is the content of 5.6. 

5.9 Proof of theorem 5.1. The groups H^^^t (^i^oo>I-"^® A4f,s(^i^ )) [^"^]' 
modules over W(E^) ^ = W(Ev;^) and have residual action of Ty and cp. By 4.4.2 
the functor jS*'^—: ShiXx^)^ — ^ Sh(Xj^)^ is exact, sends flasque objects to flasque 

objects and B'^g^^{XK^, ^) is equal to limH° [Hv, Hn(^17, /3*rf^ -wi^)) I every !F in 

Sh(XA'^)^. Here, H^(X;^, _) is the functor from Sh(X;^)^ to the category of inverse 
systems of 7i\/-modules mapping {Gn}n ^ {^j^,Qn)}- We then get a spectral 
sequence 
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Here, H-' (Hvi -) stands for the j-th derived functor of hmH°(7iy, _) on the category of 
inverse systems of ?iy-modules. 

Put M := iih[^-K^'^''^^^tnf,s(px-))- ^ inverse system {M^}^ 

with Mr, := W (x-rT.U^s (g)W s{0^_/pO^_)) and transition maps d^. M,,+i M„ 
given by Frobenius. By 5.7 each dn has cokernel annihilated the Teichmiiller lift of 
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any element in the maximal ideal of for every n £ N. Let C*(H\/,M„) be the 
complex of continuous cochains with values in M„. For every i e N the transition maps 
in {C^{T-lv , Mn)}n are given by Frobenius and their cokernels are also annihilated the 
Teichmiiller lift of any element in the maximal ideal of Ei for every n G N. We deduce 
from (5.3.4) and the following discussion that we have a canonical isomorphism 

Riontinv, lim Mn)[7r-']^R'{nv,M)[7r-'], 

^ oo-<— n / L J L J 

where H*Qj^^(7iv^, hm M^) is continuous cohomology. Eventually, we conclude from 5.8 

oo<— n 

that 

ff(7^y,M)[7r-i] ^H^' (Hv.,ff(Xf,L)®W(E^)) . 

By 7.8 the latter is zero for j > 1 and is equal to the invariants under for j = 0. 
In particular, the spectral sequence (5.9.1) degenerates if we invert tt. If L is defined 
on Xk the isomorphism one gets is compatible with respect to the residual action of F^ 
and the action of Frobenius. The 7^^^ -invariants of H"^(X-^, L) W(E^) coincide by 

definition with (H"(X^, L)) . 

6 The cohomology of Fontaine sheaves. 

In this section X denotes a formal scheme topologically of finite type, smooth and 
geometrically irreducible over V and let X^^ be its generic fiber. We study the co- 
homology on Xm of continuous sheaves satisfying certain assumptions (see 6.6.3). For 
example, it follows from 6.7 that these sheaves can be taken to be of the following 
form: 

1) If L is a p-power torsion etale local system on X^^ we set := L (g) A^^^ {^'^Xm)' 

2) If L is an etale sheaf on X'^^ such that L = limL^, with each L„ a locally constant 
Z/p"Z-module and we set := L(g)0- . 

Then the cohomology groups H*(Xm,^) [^~^] can be calculated as follows (here tt is 
[e] — 1 e ^hif(^) if ^ is of the first type and tt is p if is of the second). 

Let us fix a geometric generic point rj = Spm(C;f ) as in §5 and for each small formal 
scheme U = Spf (i?w) (see 6.6.1) with a map U — ^ X which is etale, define Ru to be the 
union of all finite, normal i?i^-algebras contained in Cx, which are etale after inverting 
p. Denote by T{Ru ® K) the inductive limit of the sections J-'{V{,W), where W runs 
over all objects of Then T{R®v K) is a continuous representation of tt^''^ (Uk^t)). 
Moreover (see 6.9.3) {Ru ®v K) [p-^] ^ % [p-^] and A+^{0^ ) (Ru ®v K) [n-^] 
is isomorphic to the relative Fontaine ring (in which tt was inverted) constructed 
using the pair {Ru, Ru)- We make the following local assumption on X. 

X admits a covering by small objects {Ui}i for which Assumption (ii) of 6.6.3 holds. 

Assumption (ii) in 6.6.3 is equivalent to requiring the existence of a basis of X by small 
objects satisfying a technical compatibility condition. For any such U — Spf(-Ri^), the 
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association U — > W (^k'^''^ {Uk , ^{^u -^)) ^] is functorial and wc denote by 
^GaiM^"^) the sheaf on associated to it. Then the main result of this section is: 

6.1 Theorem. Assume that the above assumption holds. Then, there exists a spectral 
sequence 

As mentioned in the Introduction, theorem 6.1 is the main technical tool needed to 
prove comparison isomorphisms relating different p-adic cohomology theories on . 
The proof of theorem 6.1 will take the rest of the section. 

6.2 Zariski sites. Denote by A*^^^ the Zariski topology on X. 

The site 3t'j^^ . Let the underlying category of X||'' be the full subcategory of the cate- 
gory of Xm defined in 4.2 whose objects are pairs (W, W) with (W, W) G Xm and U ^ X 
is a Zariski open formal subscheme. We define a family of maps in Xj^^ to be a covering 
family if it is a covering family when considered in Xm- We let 

l: X^^ > Xm 

be the natural functor. We also denote by 

^ . vZar ^ $^Zar 

the map of Grothendieck topologies given by vx^m^M) '•= {U"^,K)). Since i sends 
covering families to covering families, it is clear that i*:Sh(je||^) Sh(A'^^'^) and 

i^: Sh(j£f|''')^ — > Sh(A'^*^)^ send flasque objects to flasque objects. 

Stalks. Let x: Spf(l^) — > A* be a closed immersion of formal schemes with V C 
K) a finite extension of discrete valuation rings. Let ^ be the local ring of Ox at x. 

Define O^^^m be the limit lim^ j over all quadruples {Ri, Sij, Sij — > V,Lij) 
where (1) Spf(i?j) C A* is a Zariski open neighborhood of x, (2) Lij is a finite ex- 
tension of K contained in M, (3) Ri C Si,j is an integral extension with Sij normal, 
(4) Sij -ft^ is a finite and etale Ri ®\/ L^^j- algebra, (5) the composite Ri C^y Lij 

Si J ®v K ^ K is a ® £ i-^ X* (a) ■ £. If ^ is a sheaf on Xj^^, define the stalk oi J-' at x 
to be 

^7 = Hol^kM) lim.F(Spf (i?.), (Spm(5,,, ® K), L,,,)) . 

' ' 1,3 V 

A sequence of sheaves on X'^'^ is exacts if and only if the induced sequence of stalks is 
exact for every closed immersion x: Spf (V^) — > A" as above. As in 4.4.2 one proves that 

iR''vx,MA^))- = H'^iG-^, Ti) where G-^ := 0,^10"^^^ I O ^-®y K). 



6.3 Pointed etale sites. Let K be an algebraic closure of the field of fractions of X k. 
Let W(]K) be the Witt vectors of IK and let C^- be the p-adic completion of an algebraic 
closure of the fraction field of W(IK) containing K. 
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The site X'^^* . Denote by X'^'^* the following Grothendieck topology. As a category it 
consists of pairs (W, s) where W — > A* is an etale morphism of formal schemes and s is a 
V-morphism T{U^ On) Cx- A map of pairs (W, s) (W, s') is a map of A'-schemes 
U ^ W such that the composite of V{U' ,Ou') V{U^Ou) with s is s' . A covering 
Si) — > (W, s) is defined to a map of pairs (Wi, Si) —>■ {U, s) for every i such that / 
is finite and UiUi -^U is etale surjective. 

Fix x: Spf (VJc) — > A" as in 4.4 and choose a homomorphism 77^: 0®*^^ ^ C;f of ^- 

algebras. Given a sheaf on A^** define JF^ to be J-'[0^^^ as in 4.4. One then proves 

that a sequence of sheaves on A^** is exact if and only if the associated sequence of 
stalks is exact for every x: Spf(Vx) X. 

The site X*^. Define to be the following Grothendieck topology. Its objects 
are the pairs ((W, s),>V, L) where (W, W, L) is an object of Xm and (W, s) is an ob- 
ject of X""^'. A morphism {{U,s),W,L) ((W, s'), W, L') in X^ is a morphism 
(W, W, L) — > {U',W,L') in X'j^ such that the induced map U ^ W arises from a 
map ^ {U',s') in X'^^r A covering niej((Wi, Si)» >Vi, i^i) ^ ((W, s'), W, L') is 

the datum of morphisms ((ZYj, Sj), Wi, L^) {{W , s'), W", L') for every z e / such that / 
is finite and the map nj(Wj, Wj, Lj) ^ (WW', V) is a covering in Xm- 

Fix 2^:Spf(T4) — > A" as in 4.4 and choose a homomorphism — > C;t' of 
C^^-algebras. Given a sheaf T on let be -?^), defined as in 4.4. 

Then, a sequence of sheaves on X*m is exact if and only if the associated sequence of 
stalks is exact for every x: Spf(l^) — > X. 

We have functors 

i) a: A"^** ^ A"^^ given by a{U, s) = U; 
(n) b: X'm ^ Xm given by s), W, L) = (W, W, L); 
(in) vx,M- '^''* ^ given by vx,Mi^^ = 
As in 4.4.2(7) one proves that for every point x: Spf(Va;) — > X, 

Then: 

6.3.1 Lemma. Let J-" be a sheaf on X^^ (resp. Xm)- We have a natural isomorphism 
ofS-functors (A^*', a,(.F)) = ff(A'^\J^) (resp. W{X'M,h{T)) ^ W{Xm,J^))- 

Analogously, if T G Sh(A'^*)^ (resp. Sh.{XM)^ )- Then, we have a natural isomor- 
phismof5-functorslil,,,{X-'\a^iJ')) - lil^^,{X-\ J^) (resp. RU,{Xl,,b^ (J^)) - 

^lonti^M,^))- 

Proof: We have functors 

a,: Sh(A'^*) . Sh(A<^f) , 6,: Sh(XM) ^ Sh(X^) , 
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which send flasque objects to flasque objects. Since a and h are surjective, a* and 6* are 
also exact. The lemma follows. 



This allows us to work with pointed sites, better suited for Galois cohomology as we 
will see. 

6.4 Tie site U^m ■ Let W C A" be a Zariski open formal subscheme or an object of X^^* . 
Let Um' be the Grothendieck topology ZY||* introduced in 4.2. It is a full subcategory 
of Xfl^ (resp. Xm)- If W — > W is a morphism in A"^*^ (resp. A"®**), we have a map of 
Grothendieck topologies 

letting pu,w (W, W) be the pair {W , W) where W := W x^n^ W'"^; see 4.2. 

Assume that U = Spf{Ri() is afiine. We have an inclusion Rk C Cx (this way we 
work with A"^** instead of A"^*). Let Ru C Ru be the union of all finite and normal R^- 
subalgebras of Cx, which are etale after inverting p. We then have an inclusion Ru C 
Cx- liU = H-iUi, with Ui of the type above for every i, define Ru '■= Hi ^Ui- 

Define tti{Um) to be Gal [Ru ®v K/Ru ®v Af) and let Repjjigg(7ri(WM)) be the cat- 
egory of abelian groups, with the discrete topology, endowed with a continuous action 

of TTi{Um)- 

6.4.1 Lemma. The category lA^^ is equivalent, as Grothendieck topology, to the cat- 
egory of Gnite sets with continuous action of tti{Um) Gal ^Ru ^ / Ru ®v M^. In 
particular, 

1) the functor 

Sh{U%') > Repdi,e(7ri(WM)), ^ J^(Ru <^ K), 

with J^{Ru ®v K) := lim(2^ yy) JF(W, W) where the direct limit is over all elements 
of lA^^ , defines an equivalence of categories; 

2) for e Sh (W^t) we have W {U^ , J^) = (tti {Um ) , J^(Ru ®vK)), where the latter 
is the derived functor of Repjjig(,(7ri(WM)) 3 A ^ A^^^^'^^ (the Galois invariants 
of A); 

3) the functor 

Sh {{UMY^'f > Repdi,e(7ri(WM))'', {J'n} ^ {MRufK)} 

is an equivalence of categories; 

4) for every j^e Sh((WM)^''*) weiave 
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where the latter is the i-th derived functor of Rep(jjgg(7ri(WM)) AbGr given by 
{An} ^ lim AZ^^^^K 

oo<— n 

Proof: The first claim follows noting that is the category of finite and etale covers 
of Ru <E)y M. By Grothendieck's reformulation of Galois theory the latter is equivalent 
to the category of finite sets with continuous action of 7ri{UM)- 

Claims (1) and (3) follow from this. For example for claim (1), an inverse of the 
functor given in (1) is given as follows. Let G G Repdi,^(7ri(WM)). Let {U,Ui{Wi, Li)) e 
Xlf^ (resp. X^) with Wi = Spm(5'i) and Si®LiM a domain and fix an embedding 
fi- Si^LiM ^Ru (g)v K. Let Hi := Gal(Ru ®y K/Si Ol M) C tii{IIm) which is inde- 
pendent of fi. Then, define ^(W, IljCWi, Lj)) = (BiG^*. One verifies that ^ is a sheaf 
and that the two functors are the inverse one of the other. 

For claims (2) and (4) we note that the cohomology groups appearing are universal 
(5-functors coinciding for z = 0. 

6.4.2 Definition. Let T be in Sh{Xj^') ( or Sh(X^), or Sh{Xf}')^ , or Sh(X^)^;. 

We define T{Ru ®v K) as the image of T in Rep^j^^, (tti (Um)) (or in Rep^j^^. (tti (Um))^ ) 
of T via the pull-back maps Sh(X||'') Sh(W^*) = Kep^-^g^(7ri(UM)) (respectively 
via the pull-back Sh(X^) — > Kep^^g^{TTi{UM)) , etc.). 

Convention: From now on we simply write XJ^ for X^^ or X^ and X* for X^^^ or, 
respectively, X^^'. 

6.5 The sheaf 'H^^^^. Let W ^ hi he a, map in X* with W and U affine. We then get 
an induced map 

(tti (Wm) , J'iRu ®K)) . (tti (U'm), HRw ®K)). 

In particular, U W('Ki{hlM)i^{Ru ®v K)) is a controvariant functor on the category 
of affine objects of A**. 

6.5.1 Definition. For T G Sh(X^) define "^^GaW i-^) sheaf on X* associated 

to the controvariant functor given byU ^ W{TTiiliM)i ^{Ru ®v K)) for U afRne. 



6.5.2 The standard resolution. Let ^ be a presheaf on X*j^. For z e N and for U = 
Spf(i?z^) an affine object of X*, define 

E\g)u := Homz (^Z [7Ti{Um)'+^] ,g{Ru®K) 

It is naturally endowed with an action of 'Ki{IAm) defining for every 7, (/o, . . . , (/i G 
tti{Um) and every / G E'{g)u the action 7-/(fifo, ...,gi)^ 7"^ (/(tS'o, • • • , 7fl'i)) • Denote 
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by C'^{Q)u C E'^{Q)u the subgroup of invariants for the action of tti^Um)- Consider the 
map 

i 

di-.Z [7ri(WM)'+^] Z [T^i{UMy] , {go,...,gi) ^ ^{-ly {go, . . . , Qj-i, Qj+i, . . . , Qi) 

3=0 

for i > 1 and given by 1 for i = 0. We then get an exact sequence of tti{1Am)- 

modules 

. Z {KiiUmf] Z [i^iiUuf] — ^ Z 0. 

Taking Hom(_, Q{Ru ®v K)) we get an exact sequence of 7ri(Z//M)-modules 

g(Ru ®K)^ E\g)u E\g)u ^ • • • (6.5.1) 

which provides a resolution of g{Ru ®v K) by acychc 7ri(WM)-niodules. Using 6.4.1 we 
define the sheaf W ^ E^{g){U,W) on the category U^^^ associated to E'^{g)u- Fur- 
thermore, (W, W) I— > E^{g){U, W) is a controvariant functor defined on the subcategory 
of of pairs {U, W) with U affine. 



6.5.3 Definition. Let T G Sh(X;^^). For every i G N define e(J^) to be tie siieaf 
on associated to the contravariant functor (W, W) ^ W) for (W, W) 
afEnes. DeGne C'^(J-') to be the sheaf on X* associated to the contravariant functor associ- 
ating to an atRneU the continuous i-th cochains of T^iiJAu) with values in J-'{Ru ®v K) 
i. e., C{J^){U) = E\r)ll^^'^\ 

6.5.4 Proposition. The following hold: 

i) the differentials di of 6.5.2 define an exact sequence of sheaves on X\j 

> T > > e^(JF) , > • • • ; 

ii) for every j > 1 and every i one has K^vx,m,*^^{^) = 0; 

iii) for every i one has vx,m,*'^^{^) = 

Proof: (i) let {U, (W, L)) G with U affine. Suppose that W = Spm(S') with S®lM 
an integral domain. Write GalM(W) := Gal(^z^ ®v K/S®lM). Then, E\T){U, W) is 
^i^_^^GaiM(W)_ particular, using (6.5.1), it follows that the kernel oiE^{T){U,W) 
E^(J^){U, W) is J^{Ru ®v ^^GaiM(w)^ coincides with J^{U, W) since .F is a sheaf 
thanks to 6.4.1. In particular, the kernel of <B^{J^) — > (B^{J-') is J-'. To check the exactness 
of the sequence in (i) it is enough to pass to the stalks. Given a^:Spf(V^) ^ X as 
in 6.2 or 6.3, the stalk ^'(J^)^ is the direct Umit lim£;^(J^)(W, W) over all (W, W) 
with U an affine neighborhood of x and W = Spm(5') with S ®l M C Ru ®v K. Hence, 
€*(JF)^ — lim £*(JF)^ where the limit is now taken over all affine open neighborhoods U 
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of X. Since for any such (6.5.1) is exact, we conclude that the stalk at x of the sequence 
in (i) is exact as well. 

(ii) The claim can be checked on stalks. As explained in 6.2 or 6.3, given x: Spf (V^) 

X as before, one has {Wivx,MA^\J=)))^ = H9(G-^, (B'{J^)^). But coincides 
with the direct limit lim (B^ {J-')i4 taken over all affine neighborhoods U of x. Hence, 

e(jr)^= lim e{J^)i{ = limHom ( Z [7ri(WM)*+^] ,J^(Ru®K)] = 
^ xeu xeu \ y / 

= Hom ^limZ [7ri(WM)*+^] ,limJ^(Ru ® K)^ = Hom (z [{G^Y^^] , 

where is G^^^ or G-^ depending whether is or In particular, 

{R'^vx,MA'^'i^))h = if ? > 1. Claim (ii) follows. 

(iii) For every affine open U G X there exists a map from the group of i-th cochains 

G'{TTi{UM),:F(Rit(»vK)) = {El^y^^^^ to vx,M,*^K^W)- This provides a natural 
map C*(JF) vx,M,*^^{^)- On the other hand, it follows from the discussion above 
that {vx,M,*{^^{^)))^ is equal to the group of i-th cochains C*(G^^^, .T-'^) i. e., the 
stalk of C^{T). The claim follows. 

6.5.5 Corollary. If T e Sh(X^), then R'vx,mA^) - ^Gai i^) functorially in T. 



6.6 The sheaf Ti-Q^^^^ We wish to prove an analogue of 6.5.5 in the case of a 
continuous sheaf J-' — {J-'n}n ^ Sh(X^)'^. We need some assumptions. 

6.6.1 Definition. An object U of X* is called small ifU := Spf (i?^/) is affine and Ru 
satisfies the assumptions of 2.1 and (RAE) (see 2.4). 

Define Ru.M, Qo to he the normalization of Ru, oo in the subring of Ru ®v K gen- 
erated by M and Ru,oo, where Ru, oo is defined as in 2.1. Denote by Vu,m the group 
Gal[Ru,M,oo®v K/Ru®v M). Let Hu,m be the kernel of the map hi{Um) ^u,m- 
Let us remark that the definitions of Ru,oo, Ru,m, oo, 'Hu,Mi ^u,m depend on a choice of 
local parameters of Ru and so are not canonical. 



6.6.2 The site il^(oo) . Let be a small object of X*. For every map U' ^ U 
with U' := Spf(i?z^/) affine and Rw ®v K an integral domain, we let Tiu',M be the 
kernel of 7ri(W^) — > Tu- Note that such a map is surjective. 

Let il^(cxD) be the following full subcategory of il^. Let (W, W') G il^ and assume 
that VC := UiUl with connected. Then, W" lies in U ^'^^ which, via the equivalence 
of 6.4.1, is equivalent to the category of finite sets with continuous action of HiiU'j^) = 
Hi 7ri(Wj' j^). We then say that (W, W") lies in it^(cx)) if and only if W lies in the sub- 
category of finite sets with continuous action of Vu (viewed as a quotient of HiiJA'^)). 
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We then have natural maps of Grothendieck topologies ZY*-^il^(oo) — giving rise 
to maps on the category of sheaves 

Sh(ii^) Sh(itl^(oo)) ^ Sh(W*) 

whose composite is vjj^m.*- As in 6.2 or 6.3 one has a notion of stalks in Sh(il^(oo)). 
For x: Spf(V^) ^ X a point as in 4.4, let -f^^^j be the kernel of the map — > V. 

If ^ e Sh(ilM) and is its stalk, one proves as in 4.4.2 that 

Caveat: The site ilM(oo) depends on the choice of an extension Rjj C Ru,oo- In partic- 
ular, if {Ui}i is a covering of X by small objects, the sites iii,M(oo) do not necessarily 
glue so that the site Xm(oo) is not defined in general. 



6.6.3 Assumption. We suppose that 

i) {J^njneN is a sheaf of A^^^ (Vqo) -modules (resp. of {T4o/p"^^oo}n-niodules) on X^; 

ii) X admits 

a) a covering S := {Wi}i in X* by small objects, 

b) a choice Ru. C Rui,oo as in 2.1, 

c) for every i a basis % :— {Uij}j of Wi by small objects such that, putting Rn. 

to be the normalization of Ru^ j -Rwi,oo) condition (RAE) holds for Rk. ^. qo- 

Furthermore, for every i, j and n e N, putting U := Uij, the following hold: 

iii) the cokernel of J-'n+i{Ru K) J^n{Ru®vK) is annihilated by any element of 
the maximal ideal of W(V/pV) (resp. V); 

iv) for every q > 1 the group {j^u,M^ ^n{Ru ®y -f^)) is annihilated by any element 
of the maximal ideal of 'W{y /pV) (resp. V); 

v) the cokernel of the transition maps J-n+i{.Ru,M,oo®v K) ^n{Ru,M,oo®v K) is 
annihilated by any element of the maximal ideal of W(Voo/pVoo) (resp. 14o); 

vi) for every covering Z — > by small obiects in X* and every q > 1 the Chech co- 
homology group W^{Z — > W, J^n{Rz, oo ®v K)^ is annihilated by any element of the 
maximal ideal of W(Voo/pKx)) (resp. Voo)- 

As usual we write tt for the element [e] — 1 in Ay . We put tt = p if {J^njneN is a sheaf 
of {Voo/p"Voo}n-niodules. It follows from (iii) and 5.3 that we have an isomorphism 

ff(7ri(WM),^(:Rw®i^))[7r-i] ^H^,,,(7ri(WM), hm Tn(Ru® K))[k-^]. 

V oo<— n V 

\i U' ^ U is a. map in X* with U' and U small objects in 7^, we then get an induced 
map 

}l'{'K^{UM).r{Ru®K)) [tt-i] . }1'{'Ki{U'm),T{Ru'®K)) [tt"^]. 
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As in 6.5.1, we define 

6.6.4 Definition. Assume that T satisfies the assumption above. Let Ti-Q^^^ cont(-^) 
be the sheaf on X* associated to the controvariant functor sending an object lA of X* , 
with U e to W{txi{Um), J^(Ru ®v K)) [tt"!] . 

We want to prove the following: 

6.6.5 Theorem. Let T G Sh(X^)'^ be such that the conditions of 6.6.3 are fulfilled. 

Then, 7C'Vx,M,*i^) ['^~^] — '^OaiM^"^)' "^^^ isomorphism is functorial in T . 

Proof: It suffices to prove that for every small object Wi G S, we have an isomorphism 
R'*^^A',M,*(-^) [tt"-*^] I — T^Gaijyii^)\\\>i functorially in Wi and JF. We construct the 
isomorphism and leave it to the reader to check the functoriality in Wi and JF. 

We may and will, till the end of this section, assume that X = Wi is small. We 
put T :=% and we write F for Ty^;.. Consider the maps on the category of sheaves 

Sh(£^)N Jl^ Sh(3e^(oo))N Sh(A'*), 

introduced in 6.6.2. The composite is \imvx,M,*- Since a* and /?* are left exact and /?* 
sends injective to injective, we have a spectral sequence 

Rnima,(R^/3,N(jr)) =^RP+9(iini?;;^^M,*)(^)- (6.6.1) 

6.6.6 Lemma. For every q > 1 the group R^/3*(.F) is annihilated by any element of 
the maximal ideal of W(Voo/pVoo) (resp. Vqo). 

Proof: Since — (R''/3*)^ as remarked in 5.2, it suffices to prove that for ev- 

ery n G N and every q > I the sheaf i?^/3*(jF^) is annihilated by any element of the 
maximal ideal of W(Voo/pKx)) (resp. Voo)- It suffices to prove the vanishing on stalks. 
But for x:Spi{x) X a point as in 4.4, we have R^(3^{Tn)^ = H«(iy-^,.F^) as ex- 
plained in 6.6.2. The latter coincides with the direct limit limH^ {'Hu,m, 
taken over the small objects belonging to a basis of X* containing x. The claim then 
follows from 6.6.3(i)&(iv). 

Using 6.6.6 and (6.6.1) we conclude that 

W lim a, {T)) [tt-^] ^ R^' (lim vx,m,*) (^) [tt"!] . 

We are left to compute R^limct*. For this we use the analogue of 6.5.2 on X^(oo). 

Given U in T, write Ru,m,oo as the union UnRu,M.n of finite i?;^-algebras such 
that Ru ®v K C Ru,M,n <S>v K is finite and etale. Then, for every covering W ^ U 
with U' G T, we have Rw ,m,oo®v K = ^nRw ®Ru Ru,M,n®v K by construction. 
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Let U" — > W XuW be a covering with U" in T. Then, we also have Ru",m,oo ®v K = 
\JnRu" ®Ru Ru,M,n ®v K. Since is a sheaf, we conclude that the sequence 

,M,oo ,M,oo ,M,oo 

is exact i. e., U ^n{Ru,M,QG ®\/ K) satisfies the sheaf property with respect to cover- 
ings W with U' and U small and lying in T. Then, the following makes sense: 

6.6.7 Definition. For every small object U ^ X lying in T and every i, n E 1^ 
deGne E\V,J^^)u to he Homz (Z [P+^j , T-a{Ru, m, oo ®v K)). Define e(r,J^^) to he 
the sheaf on X^(oo) characterized by the property that, for every small object U E T, 
its restriction to (see 6.4) is E^(T,Tn)u SiS representation ofVu- Let C*(r,:F) := 

Let C*(r, J^n)u C -E*(r, J^n)u be the subgroup of invariants for the action of T i. e., 
the group of i-th cochains of T with values in J-'n{Ru,M, oo ®v K)- Denote by C*(r, J^n) 
the unique sheaf on X* whose value for every small object U is C*(r, J-n)u- Eventually, 
let C\V,T) := {C\V,Tn)]^. 

6.6.8 Proposition. Assume that T satisfies 6.6.3. Then: 

i) we iave an exact sequence in Sh(3£^(oo))^ 

€0(r, ^) ^ gi(r, ^) ^ • • • ; 

ii) limo!* (^*(r, ^)) [tt"^] = for every q> 1 and every i; 

iii) limQ!*((£*(r, JF)) [tt"^] is tie sheaf associated to the controvariant functor sending a 
small object U to lim C { F, T„(Ru Moo®K)] \tt~^] . 

oo<— n \ ^ ' ' V J 

In particular, limQ;*(/3j^(jF)) [tt"^] is the q-th cohomology of the complex 

lim C°(r,JF„)[7r-^] lim C^(r, JF^) [tt"^] lim ^'(r, [tt"^] ■ ■ ■ , 

oo<— n oo<— n oo^n 

proving 6.6.5. 

Proof: Claim (i) can be checked componentwise and then it follows as in the proof 
of 6.5.4(i). 

(ii)-(iii) We use the spectral sequence 

lim(^')(R«a,(e(r,JF^))) =^ RP+nima,{e{r,J^)) 

given in 5.2. Since each JF^ is a sheaf we have S'(r, J-'n)iRu,M,cx} ®v K) = -E'*(r, Tn)u- 
Hence, H'^(r, <£*(r, jF„)(i?w^M,oo ®v K')) is for every q>\ and it coincides with the 
cochains C*(r, Tn){Ru,M,oo ®v K) = C"(r, J^n)u for g = 0. 
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Arguing as in 6.5.4(ii) we conclude that R^a^, (/?*(6*(r, = ior q > 1. We are 

left to compute lim^^^ a* (e(r, JF^)) = lim^^^ C'{T, T^). 

Due to 6.6.3(vi), for every small object lA E T and every n the Chech cohomology 
group [Z U ^ T n{R z, oo ® V K)), relative to every covering Z ^ U hj small ob- 
jects lying in T, is annihilated by any element of the maximal ideal of W(Voo/pVoo) 
(resp. Voo)- But we have 

C\V,Tn{R_^oo®K))= lim C\V/p'^V,Tn{R_,oo®K))= lim ( TT Tn{R_,oo®K)). 

(6.6.2) 

As both inductive limit and finite products are exact functors we deduce that the Chech 
cohomology group [Z — > U,C^(T, ^niRz,oo ®v ^))) relative to every covering Z — > 
U with Z and U E T is annihilated by any element of the maximal ideal of W(Voo/p^oo) 
(resp. Voo)- Hence, the restriction of C*(r, Tn{R_,oo ®v K) toU is flasque, see [Ar, II. 4. 2], 
up to multiplication by any element of the maximal ideal of ^ {Voo / pVoo) (resp. Voo)- 
In particular, (W, C*(r, JF„)) is almost zero for every g > 1; see [Ar, II. 4. 4]. Due 
to 6.6.3(v) the projective system {J-'n{Ru,M,oo ®y ^)}n almost Mittag-Lefler and 
using once again (6.6.2) we also have that the projective system {C*(r, ^n)}^ is almost 
Mittag-Leffler. Hence, lim^"*^-* C*(r, JF^) is almost zero. 

By [Ja, Lemma 3.12] the sheaf lim*-^-* C*(r, JF„) is the sheaf associated to the presheaf 
U I— > H^(ZY, (C*(r, J>j))^). We have, for each q > l, exact sequences 

0^1imWH''-i(W,C^(r,.Fn)) ^H^(W,(C^(r,.Fn))J ^ Jin H''(W,C^(r,.F,)) ^0. 

For g > 2, using the fact proved above that H* (W, C*(r, JF„)) is almost zero for s > 1, 
we deduce that H^ (W, (C*(r, ^n))^) is almost zero. We conclude that lim*-^-* C*(r, JF^) is 
annihilated by every element of the maximal ideal W(Voo/pVoo) (resp. Voo) ior q > 2. 
Thus, 

RPlima^{e{r,J^))[7r-^] =0 

for p > 1 and all j > 0, and 

lima,€*(r,J^)r7r-^l ^ lim C*(r, J^„) [tt-^I . 

<— '- -' oo<— n 

The conclusion follows. 



6.7 Theorem. Let X he formally smooth, topologically of Enite type and geometrically 
irreducible over V for which assumption ii) of 6.6.3 is satisfied. Let L = (L„)„ be 
a projective system of sheaves such that = L„+i/p"L„+i for every n. Let T G 
Sh(A'*)'^ is a sheaf of one of the following types: 

A) TisL-^^Ai,(p^^) := {^n^^n{O^Jp0^j)j 
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B) T:= (hn^(0^ /p^'O^ )) where /p'^+^O^ ^ jp^'O^ is the natural 
projection for each n e N. 
Then, the assumptions in 6.6.3 hold. 

6.8 Remark. Concerning assumption ii) of 6.6.3, we note that the existence of a basis 
by affine subschemes satisfying the assumptions of 2.1 follows from the fact that X is 
formally smooth and topologically of finite type over V. The content of ii) is (RAE). 
See 2.5 for examples when it holds. 

In case (A), assume further that L is a p-power torsion i. e., annihilated by p^ 
for some s. Then, one can compute the sheaf Hq^^ cont(*^) introduced in 6.6.4 via 
relative (<^, r)-modules. Indeed, assume that U = Spf(i?z^) is small and that (RAE) 
holds for Ru^oo- 

For M = K we have tti{JAm) = Qru ^nd by 7.16 the inflation 

ff(r^^,S)(L)) >W{ti^{Uk),1^®^^J^B.\t,^{IAk),:F{Ru®K))[ti-^] 

Zp V 

is an isomorphism. 

Analogously, for M = K we have ni{UM) — Gji^ so that 

(r^^,D(L))^ff (7ri(W^),L A^J - (7ri(Z%),.F(:^®K)) 

Zp V 

For M — Koo, the group 7Ti{Um) is the subgroup of Qji^^ generated by Gn^ and Hy. 
It follows from 7.8 that H*(7ii?^ , L ®Zp A-^^) = for i > 1. Hence, we conclude that 
H'(7ri(WM),L(g)Zp A;^^) = H*(r'^,S(L)). Using 7.15 we get that the latter coincides 
with ff(r'^,S)(L)) so that 

(F'^^, S)(L))^ff (7ri(WK^), L ® A^J - {M^^kJ, HRu ® K)) [n-'] . 



6.9 Proof of 6.7. We start with some preliminary results. 

6.9.1 Lemma. Let R be as in 2.1. Let Soo C T^o be integral extensions of i?oo such 
that Soo ®v K = Too ®v K and R^o C 5*00 is almost Stale (see 2.4). Then, the cokernel 
of Sqo C Too is annihilated by any element of the maximal ideal of Vqo- 

Proof: Let Cqo be the canonical idempotent of the etale extension i?<x, [p"^] C (Soo [p~^] = 
Too [p~^] ■ Since Roo C 5*00 is assume to be almost etale, for every a G Q>o we may write 
p ^oo S-S a finite sum J^t ® with and hi in Soo- Let m: Soo [p ^] Soo [p ^] ^ 
'S'oo be the multiplication map and let Tr: 5*00 \p~^'\ ~^ Roo \p~^'\ be the trace map. 

Then, too is characterized by the property that m{x®y) — (Tr ® Id)((a; ® 2/) ■ eoo)- In 
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particular, for every x e we have p'^x = m{j>°'x ®1) ~ Tr(aia;)6j. But Tr(aja;) e 
Roo since x and ai are integral over R^q and i?oo is integrally closed. Hence, p'^x = 
Tr {aix)bi lies in as claimed. 

6.9.2 Lemma. Let U = Spf(i?j^) be an afRne small object of X* and let W be 
a covering with U' affine. Then, Ru',m,oo — Ru,m,oo ®Ru Rw- 

Proof: Write the composite of M and K^q (in K) as the union UnM^ where Mq — Kg 

• • • C Mn C • • • and K C M„ is a finite extension for every n. Let Wn be the ring of 

integers of Mn and let F„ be its residue filed. Let Ti, . . . ,Td e Ry be parameters as 

1 1 

in 2.1. Since Ru is a smooth fc-algebra, then Ru [T{^ , . . . , TJ^] ®y is a smooth 

1 1 

/c-algebra. Hence, Ru ®y H^n [r^^" , . . . , " ] is a regular ring modulo the maximal ideal 
of Wn and, hence, it is a regular ring itself. In particular, it is normal. This implies 

that Ru,M,oo = ^nRu ®V Wn [T^^ , • • • , Tf] . 

Since — > W is formally etale, then Rw ®v A; is a smooth fc-algebra. Reasoning as 

1 1 

above we conclude that Ru',m,oo — ^nRu ®v Wn \T{^ , . . . , T"/^] • The lemma follows. 

Let U — Spf(i?iY) be an affine small object of X* . Let A be the union of some 
collection of almost etale, integral i?z^^M,oo~subalgebras of Ru- Write 

i^^JP^^J f ■■= MO^JpO^Ji^, (W, L)) 

where the direct limit is taken over all (W, (W, L)) e Xm with W = Spm(5'yv;) such 
that Sy^(S)LM G Ai^v K. 

6.9.3 Proposition. Assume that Ru is small over V. Then, the natural map 

A/pA-^{O^JpO^J{A^K) 

has kernel and cokernel annihilated by any element of the maximal ideal of V^. 

Proof: The presheaf 0- /pOi^ is separated i. e., if {U',W',L') (W,W,L) is a 
covering map, the natural map 

O^^ {U, W, L)/pO^^ {U, W, L) O^^ {U\ W, L')lpO^^ {IA\ W, L') 

is injective. This implies that we have an injective map 

A/pA = 0^ (A ® K)/pO^ (A^K)^ (O^ /pO^ )iA^K). 

We also get that the sheaf associated to the presheaf associating to a triple (W, W, L) 
the ring O-^ (W, W, L)/pO-^^ (W, W, L) is defined by taking (O-^/pO-^) (W, W, L) 
to be the direct limit, over all coverings (W, W, L') of (W, W, L) with U' affine, of the 
elements b in the group {W ,W\L')lpOi^ {U\W\L') such that the image of h 
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in (W", W", L")/pO^ iU", W", L") is where iU" , W, L") is the fiber product 

Xm Xm 

of {W, W, V) with itself over (W, W, L). Hence, 

iO^ IvO^ MA®K)= lim Kers t 

\ Am' ■*-m'^ y s,T 

where the notation is as follows. The direct limit is taken over all normal Ru.m.oc^ 
subalgebras 5" of A, finite and etale after inverting p over Ru.m,ooj all covers W — > W 
and all normal extensions Rw ,M-oo ®Ru S ^ T, finite, etale and Galois after inverting p. 
Eventually, we put U" :— Spf{Ru") to be the fiber product of W with itself over U i. e., 
Ru" ■= Rw ®Ru Ru'- We let 



Kers.T := Ker (t / pT ^Tg / pTs) , 



where Ts is the normalization of the base change to Rk" of T ^{r^, ^ ^ s) T. 
For every 5" and T as above, write Gs,t '■= Gail(T ®v K/S ^ Ru'^m, 00 ®v K). 

Then, Ts is the product HgeGs t where tilde stands for the normalization 

(of T Ru") and we view Rw as -Ri^'-algebra choosing the left action. Hence, 

Ker,,. = Ker f T/pT= \{ 



The two maps in the display are a 1— > (a, • • • , a) and a 1— > (^(a))^^^,^ ^• 

For the rest of this proof we make the following notations: if S is a i?w,M,cx3-cilgebra 
we denote by B' := B®Ru,m.c. Ru',m,oo = B®r^ Rw , by B" := B®r^,^^^^ Ru",m,oo = 
B®B.i^, Ru" (the second equalities above follow form 6.9.2) and by B the normalization 
of -B in S \p~^\ ■ We then get a commutative diagram 

^ S/pS > S'/pS' =^ S"/pS" 

[ a| [P (6.9.1) 

^ Ker5,T > T/pT =^ fs/pfs = Y[g^asAT"/pf"). 

The top row is exact by etale descent and the bottom row is exact by construction. We 
claim that the kernel and cokernel of the map S/pS — > Ker, ^ are annihilated by any 
element of the maximal ideal of Vqo • To do this we analyze the maps a and (3. 

Analysis of Ker(Q;) and Ker(/?). Note that he extension Ru,m,oo CI S is integral and 
almost etale by 2.5. Hence, the extensions Ru',m,oo C S' and Ru",m,oo C S" are integral 
and almost etale as well. Since the extension Ru — > Rw (resp. Ru — > Ru") is faithfully 
flat, the rings 5" and 5"' have no non-trivial |)-torsion. In particular, S' (resp. 5"') 
injects into its normalization S' (resp. 5"') which is T'^^''^ . Thanks to Lemma 6.9.1 the 
cokernel of S' ^ S' = T'^^-'^ (resp. S" — > 5"') is annihilated by any element of the 
maximal ideal of V^c,- 

Consider the following. If — > B — > C — > D — > is an exact sequence of abelian 
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groups then the kernel of the induced map B/pB C/pC is the image in B/pB of 
the group of p-torsion elements of D. In particular if B, C, D are Voo-modules and D is 
annihilated by an element a G Voo then KcT{B/pB — > C/pC) is also annihilated by a. 
It follows from this obvious fact that the kernel of the map S' /pS' S' /pS' and the 
kernel of the map S" /pS" S" /pS" are annihilated by any element of the maximal 
ideal of Vo© • 

The^map S'/pS' T/pT (resp. S" /pS" fs/pfg) is injective since S' ^ T 
(resp. S" — > Ts) is an integral extension of normal rings. Hence, the kernel of a and the 
kernel of (3 are annihilated by any element of the maximal ideal of Vqo • 

Analysis of the image of Cokei^S/pS — > Ker^ y) in Coker(a). Define Z as Z := 
Coker(^S' /pS' —>■ (T/pT)*-'^ C Coker(Q;). Since Ker^ ^ is G 5^ y-in variant (by defi- 
nition), the image of Cokcr(S'/p5' — > Ker^T^) in Coker(Q;) is contained in Z. Put 
Y := Coker {S'/pS' S'/pS'). Let us remark that we have an exact sequence of 
groups: 

— >Y — >Z — > Cokex {S'/pS' — > (T/pT)^^'^) — ^ 0. 

We know that Y is annihilated by any element of the maximal ideal of Voo, so let us 
examine the last term of the sequence. This is the same as Coker (T^^ '^/pT*^^'^ — ^ 
(T/pT)"^'5>^). Consider the exact sequence 

> T^s,T iprpGs^T , (T/pT)^^'^ ^ R^{Gs,T,T). 

Since Ru',M,oo T is almost etale, the group B.^ (Gs,t-,T) is annihilated by any el- 
ement of the maximal ideal of V^; see [Fal, Thm. I.2.4(ii)]. Hence, the cokernel of 
j'Gs,T ipj'Gs,T — ^ (T/pT^ ^'^ is annihilated by any element of the maximal ideal 
of Voo- We deduce that the same is true for the module Z above. 

Now using the snake lemma applied to the commutaive diagram (6.9.1), we get that 
the kernel and cokernel of the map S/pS — > Kerg ^ are annihilated by any element of 
the maximal ideal of Voo as claimed. 

This concludes the proof in the case that A is the union of almost etale, integral and 
normal J?z^^M,oo^subalgebras of Ru. In the general case, assume that Q is an almost etale, 
integral i?2^^M,cx)^subalgebra of A and let S be its normalization. Then, the cokernel of 
Q ^ S annihilated by any element of the maximal ideal of Voo by Lemma 6.9.1. The 
same then applies to the kernel and the cokernel of Q/pQ S/pS. The conclusion 
follows. 

6.9.4 End of proof of 6.7. Assumption (i) clearly holds. We let {Wiji = 5 be a covering 
of X and let % := be a basis of Wi as in 6.6.3(ii). Let U e % iov some i. 

(iii) The group {Ru (E)v K) is constant on the connected components of U and does 
not depend on U itself. It then suffices to verify assumption (iii) for L^j, the constant 
sheaf i. e, "Ln = 'L/p^'L for some s in case (A) or L„ = (Z/p^Z) in case (B). In this case 
(iii) follows from 6.9.3 with A — Ru- 
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(iv) Due to 6.9.3 it suffices to prove that W{nu,l-n{Ru®v K) ®'Wn{Ru/pRu)) 
(resp. 11*^ [l-tu-, l^n{Ru ®v K) Ip^O^ )) is annihilated by any power of the max- 

^ Xm Xm ' 

imal ideal of ^ niyoolv^oo) (resp. Voo) for every g > 1. In both cases, one reduces by 
devissage to the case n = 1. The claim then follows from 7.8 and 7.5. 

(v) Given n G N, let Ru ®v -ftT C -B be a finite and etale extension such that L„_|_i 
and L„ are constant on the etale site of Bm- We may assume that B is defined over 
a finite extension K (Z L contained in M and that Ru®vM G B®lM is a, Galois 
extension of integral domains. Define An as the normalization of Ru in the subring 
of Ru <8)v M generated by Ru,m,oo and B. Let G be the Galois group of Au ®v K 
over Ru,M,oo <S)v K. 

Then, assumption (v), with Au in place of Ru,m, oo, holds due to 6.9.3 since we 
may reduce to the that L is trivial. Let be the kernel of J-'n^i{Au ®v K) — > 
J-'n{Au ®v K). Let En be the tensor product of the kernel of L^_|_i(i?) Ln(-B) with 
Wn+i(0^ /pO^ ){Au®vK) (resp. /p^O^ )(Aj^ ®y K)). Let be the ten- 

Xm Xm' Xm Xm 

sor product of Ln+i{B) with the kernel of Frobenius on ( /pO-^ ) {Au ®v K) 

i. e., W„ (O9 /ppOi^ ) (Au<S>v K), in case (A). In case (B) define Fn as the tensor 
product of Ln+i (B) with the kernel of the projection from (Oc; /p^'^^O^ ) {Au ®v K) 
to {O^Jp-O^J{Au^vK) i. e., {O^JpO^J{Au^vK). 

Then, is generated by the images of and F^ in J^ri+i{Au K) . It follows 
from 7.8 and 7.5 that H.'^ {Tiu , E^) and H'^ {Tiu , En) are annihilated by any element 
of the maximal ideal of Vi/ {V^o / pVoo) (resp. V^oo) for q > 1. Thus, the same applies 
to H^(7ii^,D^) and, hence, to the cokernel of the map from J^ri+i{Au K)^" = 

^n+l{Ru,M,oo ®V 

,M,oo®v K). This concludes the 

proof of (v). 

(vi) For every covering Z ^Wm. X* with Z & % define H^^(Z — > as the Chech 
cohomology group 

H^JZ^W) :^W{Z ^U,l.n{B)®Wn{Au ® Rz/pRz)) 

respectively 

{Z^U) ■.= B.'i{Z ^U,'Ln{B)®{Au ® Rz/p'^Rz)). 

Hu 

Sec the proof of (v) for the notation. For every q >1 the group {Z — > is since 
the sheaves considered are quasi-coherent. 

Due to 6.9.3 we conclude that assumption (vi) holds using Au ®Rjj Rz ®v K instead 
of Rz,M,oo- Consider the spectral sequence 

HP{G,Ii''{Z ^U,J^n{Au ®{Rz®K))=>W+'i{Z ^U, Tn{Rz, 00® K)). 

Ru V V 

Then, up to multiplication by any element of the maximal ideal of W(Voo/pVoo) (resp. of 
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Voo) , the group [Z U, Tn{Rz, oo ®v -^)) is isomorphic to the group (G, H° 
U,Tn{Au®Ru{Rz®v K))) i. e., W{G,Tn{Au®v K)). Let C be the kernel of the 
surjective map Tiu G. Consider the spectral sequence 

Note that W{C,l.n{B) (S)Ru/pRu) and W(nu,lLn{B) ®^u/pRu) are annihilated by- 
multiplication by any element of the maximal ideal of (Voo / pVoo) (resp. 14o) for q > 
1 due to 7.8 and 7.5. Hence, the same must hold for Wi[G,l.n{B) ® Au/pAu). By 
devissage and 6.9.3 one concludes that the same must hold for {G , Tn{Au ®v K)) . 
Thus, (vi) holds. 

6.10 Proof of theorem 6.1. By theorem 6.6.5 if JF is a sheaf of Sh(X^)^ such that 
the assumptions 6.6.3 are satisfied then IVvx,m,*{J^)[^~^] — ^GaiM^*^)" Using this 
isomorphism the Leray spectral sequence for the composition of functors H°(A'*, — ) o 
vx M * becomes 

In particular, we obtain a spectral sequence for * = •. Now theorem 6.1 follows as the 
functors H*(A'®*'*, — ) and H*(A'®*, — ) are canonically isomorphic, same as the functors 
— ) and H*(jCm, — ); see 6.3.1. 

7 Appendix I: Galois cohomology via Tate— Sen's method. 

The goal of this section is to prove Proposition 7.8 stating that, if M is a Zp- 
representation of Qs, then the groups W{ns, S)(M) <^As ^r), H*CH5,S(M) 0-^ A;^), 

tf(H5,D(M) ®A' Ap) and H*(Hs,D(M) AU are trivial for i > 1. This wiU be 

S ^ A. Q rL 

the key tool to compute the Galois cohomology of M in terms of the associated (</:, Fg)- 
modules. 

To treat all the cases above, we follow the axiomatic approach started by Colmez in 
[Co, §3.2&3.3] and developed in [AB, §2]. 

7.1 The Axioms. Let ^ be a profinite group and Ti a closed normal subgroup of Q 
such that r = ^/7Y is endowed with a continuous homomorphism F ^ with open 
image and kernel isomorphic to Z^. Suppose that ^g^~^ = g^^"^^ for every g e Ker(x) 
and every 7 e F. Let G C ^ be a closed normal subgroup, put H := G fl 7i and assume 
that F'j= G/H is Ker(x). 

Let Abe Zp-algebra which is an integral domain and is endowed with a map A — > 
R U {+00} such that: 

(i) v{x) = +00 4^ X = 0; 

(ii) v{xy) > v{x) +v{y); 

(iii) v{x + y) > min(f (a;), v{y)); 
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(iv) v{p) > and v(px) = v{p) + v{x). 

We endow A with the (separated) topology induced by v. We assume that A is 
complete for this topology and that it is endowed with a continuous action of Q such 
that v{g{x)) = v{x) for a; G A and for g E Q. 

We introduce the following axioms a la Tate-Sen: 

(TSl) there exists ci e R>o such that for every open normal subgroups Hi C H2 oi H 
(resp. of H), there exists a e A^i such that v{a) > — ci and ^ t(q;) = 1; 

Write Ker(x) as a subgroup of (Bf^i 'Zip'ji so that there is mo G N with p™"" ©iLi Zp7i C 
Ker(x) and let 70 € T be such that Im(x) = Zpxijo) © F with F a finite group. Let H' C 
H be an open normal subgroup. Assume that there exists an integer mo,^^' > toq and 
a lifting p'^o.w'-'^op (- g/'j-i' as a normal subgroup centralizing H/H' and that for 

every i e {0, . . . ,d} one has an increasing sequence ( A^-*^, j of closed subrings 

V ' / m>mQ ^/ 

of A'^' stable under Q/H' and maps {t^-h>-A.'^' —>■ ^mH'l such that: 

V ' ' / m>mQ ^/ 

(TS2) for every i and j E {0, . . . ,d} and every m > nio^-H'' 

(a) r^]n' A^)^^,-linear and T^J^,(a;) = x if x e PS^^^r, 



(b) there exists C2,-h' G R>o such that for every x G A^ , one has v {jmji'ix)^ > 
v{x) - C2,n' and lim T^L,(a;) = a; ; 

m—^oo ' 

(c) T^'*-^/ commutes with r^} f^, and with the action of Q/H'; 

(d) for every open normal subgroup Tt" C TC' we have A^^^, C A^^^„, as subrings 
of A, and the following diagram commutes 

i- -(i) 1 ' 

(TS3) let X^^^, = (1 -T^J-^/) (^^')- Then, 1 - is invertible on X^^]^, and there 

exists C2^-}i' G R>o such that for every x G one has f ^^1 — 7? j (x)^ > 

f (x) — C3^-^/. Furthermore, there exists c^^-u' G R>o such that for every i G {1, . . . ,d} 
and every x G A^^^,, one has f (^(^7f ~ 1^ i^)^ ^ ^(2^) + C4,h'- 
(TS4) Let H' C H be an open normal subgroup. Assume that there exists an integer mo,H' ^ 
mo and a lifting p"^o,H'-"^op/ (- q/h' as a normal subgroup centralizing H/H' and 

that for every i G {1, . . . , one has an increasing sequence ( A^^g, ) of closed 

\ ' / m>mQ jj' 

subrings of A^' stable under G/H' and maps f^^^H'" ~^ ^mw ) such that 

V ' ' / m>mo 7^/ 

the analogues of (TS2) and (TS3) hold. 
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We followed closely [AB, §2] with the differences that we added (TS4) and that we 
require (TS2) and (TS3) to hold not only for Ti as in loo. cit., but for every open 
normal subgroup of H. as well. 



7.2 Notation. Let W he a, free A-module of finite rank a i. e., := A". We consider it 
as a topological module with respect to the (separated) topology defined as the product 
topology considering on A the v-adic topology. Note that such topology is independent 
of the choice of A-basis of W. For every positive n G Q write A>„ for the subgroup 
of A consisting of elements x such that v{x) > n. They are a fundamental system of 
neighborhoods for the topology on A for n ^ oo. Let W>n be the image of A" ^ in W; 
they form a fundamental system of neighborhoods for the given topology on W. Assume 
that W is endowed with a continuous action of Q. We consider continuous cohomology 
of a closed subgroup H' of Q with values in W^. If / e C"'(iy',VF) is a continuous 
cochain, with r > and with the profinite topology on if, write v{f) := minjn G 



N|/(^7i,...,^7r) e W>n'^gu...,gr e H'}. We write d:C-{H',W) ^ C-+\H',W) for 



the boundary map. 



7.3 Lemma. [Ta, §3.2] Let Hq he an open subgroup of H (resp. of H) and let f be 
an r-cochain of Hq with values in W for r > 1. 

(1) Assume that there exists an open normal subgroup Hi C Hq such that f factors via 
an r-cochain of Hq/Hi. Then, there exists an r — 1-cochain h of Hq/Hi with values 
in W such that v(/ — dh^ > v{df) — c\ and v{h) > v{f) — ci. 

(2) There exists a sequence of open normal subgroups H^ C Hq and continuous cochains 
fn e {HQ/Hn, VF) for n e N such that f = fn modulo W>n for n — > oo. 

Proof: We work out the case oi Hq <Z H . For Hq C H the argument is analogous and 
the details are left to the reader. 

(1) Let a e A^^ be an element satisfying (TSl). Define the r — 1-cochain a L) f 
of Hq/Hi with values in W by 




teHo/Hi 
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One computes that 

r-l 

d{a Uf)igi,...,gr)= gi ((« U f){g2, gr)) + U /)(... , . . .)+ 

+ (-ir(aU/)(^i,...,^,_i) = 

= i-'^y X] 9i---9rtia)-gif{g2,...,gr,t)+ 

r-l 

+ 9i---9r-it{a) ■ f{gi,...,gr-i,t) 

and 

{a Li d f) {gi,..., gr) = {-iy+^ ^ gi ■ ■ ■ grt{a) ■ df {gi, . . . , gr,t) = 

teHo/Hi 

= ^ gi---grt{a)-gif{g2,...,gr,t)+ 

teHo/Hi 

r-l 

+ (-ir+l ^ J](-l)V(^l,---,^i^i + l,^r,t) + 

- Y 9i---9rtia)- f{gi,...,grt) + 
+ Yl 9i---9rt{a)- f{gi,...,gr) 

Since J2teHo/Hi ^('^) = '^^ have (a U 5/) = / — 9(q; U /). Put h = a L) f. Then, 
v{h) > v{f) - ci and v{f -dh)^v{aU df) > v{a) + v{df). 

(2) Since / is continuous there exists an open normal subgroup such that the 
composite Ju'-Hq — > — > W/W>n factors via (^Ho/Hn) . Let /„ be the composite 
of fn with a sphtting W/W>n — > W (as sets). Then, /„ is a continuous cochain and 
v{f - fn) > n. 

7.4 Proposition. [Ta, Prop. 10] We have W (H, W) = for r > 1 and W [H, W) = 
for r>l. In particular, W{G, W) = W{r, W") and W{g, W) = W{T', W^). 

Proof: The last statement follows from the first one and from the spectral sequences 
W{T,W{n,-)) ^ W+^{g,J) and ff(r',HJ(H,_)) ^ ff+J(G,_). Let Hq := H or H. 
Let / be an r-th cochain of Hq, for r > 1, with values in W. Let {Hn, fn}n be as 
in 7.3(2) and, for each n, write hn for the continuous r — 1-cochain satisfying 7.3(1) 
i. e., f (/n — dhn) > v{dfn) — c\ and v{hn) > f (/n) ~ ci. Then, {hn} is Cauchy so that 
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it converges to a continuous r — 1-cochain h. Furthermore, v{fn — dhn) > n — ci for 
every n so that dhn ^ / for n — > oo. We conclude that f = dh as claimed. 

Let A>^ be the subset of A consisting of elements b such that v{b) > n. Then, A>o 
is a ring and A>^ is an ideal for every n > due to the properties of v. We write A^ 
for the quotient A>o/A>„. Assume that the following strengthening of (TSl) holds: 

(TSl') for every c G R>o and for every open normal subgroups Hi C H2 of 7i (resp. of H), 



One then has the following variant of 7.4: 

7.5 Proposition. Let W be a free An-module of finite rank a endowed with a contin- 
uous action of Q. Then, for every c e R>o and every integer r > 1 there exists an ele- 
ment 7c e Ago of valuation v{-fc) < c such that 7c-H'"(H, W) = and 7c-H'"(7i, W) = 0. 

7.6 Decompletion. The notation is as in 7.2. Write X){W) := W'^ and B{W) := W^. 
They are closed subgroups of W endowed with the topology induced from W. 

It is proven in [AB, Cor. 2.3] that (TSl) implies that there exists an open normal sub- 
group Hw C H and a A-basis ei,...,eaofW such that W'^'^ = A'^'^ei © ■ ■ ■ © A^^^Ca. 
For every i — 0, . . . ,d and every m > niw = '>^q,Hw define the map t^^^^: — > 
W-Hw by Y.tl(^^e^ ^ E"=i ^^Hw ^^^^ t° (TS2)(c)&(d) such map is indepen- 

dent of 1-Lw and the basis ei, . . . , and it descends to a map on = . Due 

to (TS2)(b) it is continuous for the topology on W'^^ induced from W. We then drop 
the index Hw cind we write simply 



Using (TS4) and repeating the construction above, we get similarly continuous maps 



where Di^\w) := {l - rj^^) {^{W)) , ^^^-'\w) := (l - ri""'^) (v{W)^ia,^^) , . . ., 
D^^(W^) := (1 - Ti°^) (S)(M^)^(.)_^ and ^m{W) = S)(Vr)^(.)_^ ^(o)_,. 

\ ' m -•-) — I'm ^ / ' m — ?'m 



They are closed F-submodules of 'D{W). We endowed them with the induced topol- 
ogy. By (TS2) the decomposition above is an isomorphism of topological F-modules. 
Similarly, we have an isomorphism of topological F'-modules 




T^^:^{W) >^{W) for z = 0,...,cZ, m>mw. 



tg^:B{W) 



^ D{W) ior i — 1, . . . ,d, m>mw- 



For every m > uim due to (TS2) we have a decomposition 



D{W) := D^(W^) ©dW(W^) ®---®dI^Hw), 
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where bI^\w) := (l - ti^^){V{W)), . . ., Dg\w) := (l - t^) (d(W-)^(.)^^^ ^^(.)^^) 
and Dm{W) = D(VF) {d)_, are closed F'-submodules of D(l^). 

7.7 Proposition. There exists an integer N > mw such that for every n > N , 
if 7^ G r the map 7f — 1 is bijective with continuous inverse on Dm (W) for i = 0, . . . , d 
(resp. D^J}{W) for i = l,...,d). 

Then, the maps of continuous cohomology groups (r,Dm{W)) —>■ (r,D{W)) 
and W {F' ,Dm{W)) W {V ,D{W)) are isomorphisms. 

Proof: We deduce from the first statement that H-' ^2^7!^ ,Dm{W)^ = and that 

= for every j > 0. We get from the Hochschild — Serre spectral 
sequence that W (^F, S)^^(Vr)) = and (^F', D^^ (Ti^)) = for z > 1. For z = the 

first statement implies that 7q — 1 is bijective with continuous inverse on the group 
W{T',D^^\W). By Hochschild-Serre H^' (t,D^J^{W)^ = for i as weU. The second 



statement follows. 



Since 7f —1 = {'jf ^l)(X]j=o "^f ^ — ^^^f is bijective with continuous 

inverse on D^m{W) (resp. D)^'{W)) also 7^ -1 is. Hence, it suffices to prove that 7? — 1 
is invertible with continuous inverse. 

We prove the statement for DmCW). The proof for Dm{W) is similar and the de- 
tails are left to the reader. Write W'^^ = A'^^ei ® • • •© A^^Ca as in 7.6 and write 
^r^w,{^) ._ (1 (w^Zi)__ (!)_)• Due to the assumptions in 7.1 we have a lift- 

ingp-^o.-H^-moY c g/Hw so that p"*o.«w-^oF and H/Hw commute. Since S)^^(VF) = 
(W"^^'^^))^ by (TS2)(c) it then suffices to prove that — 1 is invertible with contin- 
uous inverse on W"^^'^*\ 

Extend v on Aei©---Aea by i'(5^j=i -^j^j) '•— — It defines 

the weak topology on Aei ® • • • Ae^. Since the action of Q/Hw on W^'^ is continuous, 
there exists an integer N > mo,Hw ^^^h that 7^ acts trivially on W'^'^ /Wy^ ^ ^.^^ = 
/^>Zny^+i^j- ^^^^ rn>N. Following [CCl, Prop. 116.4] define 

It is well defined, continuous, bijective and with continuous inverse (for the weak topol- 
ogy) due to (TS3). Then, z - /.((I - ^f){z)) = (e;=i Tf (%) (l " lf)iej)). 
Write 

9i,z: W^-^'^'^ > W-^-'W, g,,,iy) := y - h ((l - lf){y) - z) • 

Then, v{fi{z)) > v{z)-C3^nw by (TS3) and v{gifl{y)) > v{y) + mi{v{{l-'yf ){ei))\i = 
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1, . . . , a} - C2,^'Hw > 1- Hence, v{gi^g{yi) - gi,z{y2)) = v{gifi{yi - 1/2) > v{yi - 1/2) + 1- 
This implies that gi^^ is a contracting operator for the f-adic topology so that there 
exists a unique fixed point y^. Since fi is bijective, we get that yz is the only solution 
of (1 — 7? ){y) = z. Wc deduce that 1 — 7f is bijective on Wm^ ■ Furthermore, 
since y^ is the limit of the sequence g^^{z) and gi^z{z) — z = fi{% {z))-, we have v{yz — 
z) > v[gi^z{z)-z) > v[% {z)) -c^^Hw Hence, (1 -7i ) is continuous on VFm^ • 

We are ready to apply the considerations above in the cases of interest to us. Let S 
be as in 2.3. Let M be a Zp-representation of Qs- Let M ^ ©^^^ Zp/p'^iZp. For A = 

R®v K, A^, a1, A;^ or a1, then M A = A" {A/p'^'A) . We consider M A 
as topological module for the product topology considering on A the topology induced 
from the p-adic topology on R (S>v K or form the weak topology on A-^ and considering 
on each A/p'^'^A the quotient topology. 

7.8 Proposition. We have: 

1) the ring A := R^y K with v{b) := min |a e Q|^ e ^| satisfies (TSl). Further- 
more, the following holds 

(TSl') for every c e R>o and every open normal subgroups Hi C H2 of H (resp. of H), 

there exists a & R such that ^ T{a) is an element of V of valuation < c; 

TeH2/Hi 

2) for every r e Q>o the ring A := A^'^^ with v = Wr satisfies (TSl ); 

Ft 

3) for every N eN the ring A := A^/p^+^A^ with v = satisfies (TSl ); 

4) H'iHs, M ®z^(R®v K)) = for every i > 1; 

5) (a) [Hs, M A^^) = 0, (b) (Hs, M A^) = for every i > 1; 

6) (a) (Hs, M(8)z, A^) = 0, (b) H^(h5, M(8)z, A^ = for every i > 1. 

Proof: For open normal subgroups Tii C 7^2 of Ti. claim (1) follows from [AB, Prop 3.4 
& Rmk. 3.5] and claim (2) follows from [AB, Prop. 4.6]. 

Let Hi C H2 be normal subgroups of H. They correspond to extensions R'^ C 5"^ C 
S'^^ which are finite and Galois over R'^ [p^^] degree di and d2 respectively. In par- 
ticular, there exists an extension Vqo C Voo\ finite and Galois after inverting p, such that 
they arise by taking the normalization of the base change of extensions of i?oo <H)Voo ^00'' 
finite and Galois after inverting p of degree di and d2 respectively. This is equivalent to 
require that there exist open normal subgroups of Hi C 0.2 of H such that Hi flH = Hi, 
7^2 n H = H2 and H1/H2 = H1/H2. Then, (TSl) (resp. (TSl')) for Hi C H2 implies 
(TSl) (resp. (TSl')) for Hi C H2. Hence, (1) and (2) follow. 

(3) Let Hi C H2 be open normal subgroups of H (resp. H) and let be an element 
of A^'^' satisfying (TSl). If we write ccj. := J2i^P^[zk] with G E^^, since Wria^) = 
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in.f{rv-E{zk) +r} > — ci, we get that VE{zk) > ^ . Hence, for every N eN we have 
^E^{(^r) > ■'■^ particular, the claim follows. 

(4)-(6) Claim (4) follows from 7.4. Since aL/p^+^aL = A^/p^+^A-^, claims (5) 
and (6) follow from 7.4 for M a ^^-representation which is free as Zp/p-'^+^Zp-module. 
In particular, (5) and (6) hold for torsion representations. 

We may then assume that M is torsion free. Let A := A-^ or A^ and let H = Tis 
or H5. Let / be an ^-th cocycle of H with values in M (E)Zp A, continuous for the weak 
topology. If A = A^, then A^ = u^A^'^^ and -A-^'^^ is open in A-^ for the weak 
topology since it contains Ai. In particular, since H is compact in this case / takes 
values in M <S)z^ A^^'*^^ for some r. 



R 

Since / is continuous, for every n G N there exists an open normal subgroup Hn 
of H such that the composite fn-H'^ ^ M A M ^Zp{A/{U^_^^ [^i±^]+n ^ ^)) 
factors via [Hq/ HnY ; see 2.10 for the notation Un,h- Here, for m G Q we write [u] 
for the smallest positive integer bigger or equal to u. Let fn be the composite of 
with a splitting M iS)Zp{A/{U^^^ ^c^^^^ n A)) M ®Zp A (as sets). Then, is 

a continuous cochain and we also have = / in M ®Zp{A/ {U_^j^^ [fi±ii]_|_^ ^ ^))- Foi^ 
every n let hn :— a^fn be the continuous i — 1-cochain defined as in the proof of 7.3(1). 
The computations in loc. cit. show that — dhn = a U dfn = and hn+i = hn in 
M <SiZp{A/ {Un+i,n n A)y Then, {hn} is Cauchy for the weak topology and {dhn}n 
converges to / for the weak topology. In particular, hn converges to a continuous i — 
cochain h with values m. M ®Zp A;^ and dh = f. 

If ^ = Afl, this concludes the proof. If ^ = a1, since ^"A-r n A^'''^ = p^A^'''^ 

R ^ R R 

and since Wr{p) = 1 and Wr{7r) > by [AB, Prop. 4.3(d)], we conclude that {hn} 

is Cauchy for the tu^-adic topology as well. Since A^'^^ is complete and separated for 
the Wr-adic topology by [AB, Prop. 4.3(c)], we conclude that h in fact takes values 
in M0Z A—' . The conclusion follows. 

R 



7.9 Sen's theory for R[p ^] . Before passing to the (</?, r)-modules, we first show that 

our theory applies in the case of i?[p^^]-representations. These results arc due to Sen 
[Se] , in the classical case of a dvr with perfect residue field, and are due to [Br] for a dvr 
with imperfect residue field. The key point is of course to show that 7.7 applies. This 
follows essentially from results proven in [AB] . We review some of the basic definitions 
and properties from loc. cit. 

d 

Let 5 be a i?-algebra as in 2.1. Fix mo,s G N such that p'^o-s Zp^i C Ts- 

i=l 

Then, for every m > mo, 5, the ring Sm+i\p~^] is a free Sm\p~ ^]-i^od\ilG of rank 
(resp. Sm+i-V\p~^] is a free Sm.V\p~^]-module of rankp'^). For every i G {1, . . . , d} and 
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every n e N, define 

1 11 1 

QV^y Q fn^ p'^ rj-i'p^ rp rp p'"- 1 

-Jn,* — <-> [-ti 1 • • ■ 1 -'-i-li -'-i+li ■ • • 1 d \-*^n 

Q \'^) q/ rrri'p^ rp p"- rp p'"- rp'p^ ~\ 

>Jn,* — >J [J-i 1 • • • ■> ■ • • ■> -'-d J- 

For i — 0, one puts Sn}^, = S\T^ , . . . ,TJ^'^. Eventually, let S^^^^ ~ [j Rn]* and 
'S'oi^l = U Sn^l. For every z e {0, . . . , and m e N, one defines 

neN 



oo,m,K 



(^S-'5m)b"'] if^e{l,...,d}, 



where the hat stands for p-adic completion. Similarly, for i e {1, . . . ,d} and m e N, 
put 

c'« _ /'(VW o ^r„-ll 

Note that S^^^^^k ^ S^^Ip'^] for every i e {0, . . . , d} and m e N and that sJ^^^ k C 
'^oob"''^]- -^^^ n>m> mo and a; e one puts 

(.) J^'n-5„/5;,,.v^^(a^) if^ = 0, 
For n> m > mo and a; e S'n\p~^] and every z = 1, . . . , d define 

Such maps do not depend on n for n » so that they are defined on Soo\p~^] 
(resp. SU\p-']). 

(i) 

7.9.1 Proposition. For every i = 0, . . . , d and every m > mo the map Trn is continu- 
ous for the p-adic topology so that it extends to a unique ^ j^-hnear map 

Analogously, for every i = 1, . . . ,d and every m > mo the map tm is continuous for the 
p-adic topology so that it extends to a unique ^ j^-linear map 

^m-'^ooiP J ^ '^oo,m,K- 

Proof: The claim for follows from [AB, Lem. 3.8]. Since tm is obtained from Tm by 
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base-change from Vqo to V, the claim for tm follows as well. 

Note that {%[p-^])'^^ = 'sZ[p~^] and {^[p-^])^^ = S^[p~^] due to 2.9. Further- 
more, 

7.9.2 Proposition. The rings ^ and the apphcations Tm satisfy (TS2) and 
(TS3). The rings S^-'^ with the apphcations tm satisfy (TS4). 

Proof The fact that (TS2) and (TS3) hold is proven in [AB, Prop. 3.9] and in [AB, 
Prop. 3.10]. Axiom (TS4) follows from this since tm is obtained from Tm by base-change 

from Voo to V. 

7.9.3 Lemma. We have [j^ (Cli '^'^oo m ~ Soo[p~^]- Analogously, we also have 

Um {aS^l,K)-S^®vV[p-']. 

Proof: The first claim follows from [AB, Lem. 3.11]. The second is proven as in loc. cit. 

Let M be a Zp-representation of Qs and let W := M (S>z,p R[p~^] ■ Due to 7.8 we 
know that the natural maps 

H"(r5, W'^^) — > (e?s, W) and H"(r'5, W^^) > H" (G5, W) 

are isomorphisms. Furthermore, 

7.9.4 Theorem. There exists a finitely generated, projective Soo[p~^]-submodule 
N C W'^^, stable under Ts, such that N ^ = and the natural map 

H-(rs,Ar) >il^{rs,W^^) 

is an isomorphism. Furthermore, if N' := N (8)Voo ^> then N' ®s'^ = W^^ and the 
natural map 

}r{T's,N') >}r{T's,W^^) 

is an isomorphism. 

Proof: Put to be the base change of Dm{W), as defined in 7.6, via the natural 
map f]- ^ Soo [p~^]- Similarly, put N' to be the base change of Dm{W) via 

Hi SL^m,K ~^ ^'00 [P ^] ■ 

Due to [AB, Thm. 3.1] there exists an i?[p~^]-basis ei,...,ea of M R[p~^] 
stable under an open subgroup Hw of Tig, normal in Qs- Let Soo\p~^] C Too\p~^] be 
the corresponding Galois extension. Then DmiW) (resp. D^(l^)) is by construction 
the set of Tig /TYvk ^invariants (resp. Hg/Hvi/ ^invariants) of the free Cl^T^^ ^-module 

(resp. f] - T^^^ ^-module) with basis ei, . . . , e^. By [An, Cor. 3.11] we have Too[p~^] = 
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Soo\p ^] <8)5oo ^oo so that the extension Soo\p ^] C T^olp is finite, etale and Galois 
with group Hs/'Hw- Then, the claims that N' = N V and that N and N' satisfy 
the requirements of the theorem follow from 7.7 and etale descent. 



7.10 Sen's theory for A-^ and aL. We recall some facts proven in [AB] needed in order 



to prove that (TS2) and (TS3) hold also for the rings A^^ and aL. Let 5' be a i?-algebra 
as in 2.1. For every i = 0, . . . , d let 



R 



[x,.i]^,[x,+i]^,...,[xd]^^ 



and let Ag''(oo) be the closure of Ag\oo) in A^^ for the weak topology. Here, we 
write xq for the element e and we write [xi\ for the Teichmiiller lift of Xi. Then, 



7.11 Proposition. For every m > and every i = 0, 
phism 



d there exists a homomor- 



r(!) = T« :A, 



called the generalized trace a la Tate, such that 



(i) it is Af{oo) [xi]^ 



Xi 



-linear and it is the identity on A^g\oo) 

(ii) it is continuous for the weak topology; 

(iii) it commutes with the action of Gal {Soo/R) and Tm ° Tn^ = Tn^ o Tm for m, n E N 
and z, J e {0, . . . , d}; 

(iv) for every n e Z such that m + n > we have Lp^ o r^^^ = Tm ° 

(v) it is compatible for varying S i. e., given a map of R-algebras S ^ T as in 2.1 we 
have that t^j, restricted to As^ coincides with r^^; 

(vi) there exists rs e Q>o such that (TS2) and (TS3) hold for every < r < rs with A : = 



(0,r] 



and V = Wr, taking Am for m>0 tobe the closure of A^ ''^^ Ag-* (oo) [xi] p 



R 



(0,r] 



in A^'^^ and taking r^'^ for m>0 to be the restriction of the maps defined in (i); 



(vii) for every iV e N (TS2) and (TS3) hold for A := A-^/p^+^A-^ and v = v 



<N 



taking K)^ form>0 to be A^g> (oo) /p^+^A^g> (oo) [ 



X,- p 



and taking |^ for m > 



to be the reduction modulo p^+^ of the maps defined in (i); 
(viii) there exists G N such that for in > nis the map -yf — 1 is an isomorphism 
on (l — Tm) (Ag^) with continuous inverse (for the weak topology); 

Proof: Claims (i)-(v) follow from [AB, Prop. 4.15]. The verification of (TS2) (resp. of 
(TS3)) in (vi) follows from [AB, Prop. 4.24] (resp. [AB, Prop. 4.30&Prop. 4.32]). The 
fact that (TS2) holds in (vii) follows from (ii) and the fact that the weak topology 
on A-^/p^+^A-^ is the -adic topology. 
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Since (l — Tm){-^Sa^) p-adically complete and separated, the fact that — 1 
is bijective can be verified modulo p and follows from [AB, Prop. 4.30&Prop. 4.32]. In 
particular, {jf — is bijective on p^+^ (l — (-^Soo) consequently, on (l — 
Tm) (Ag^/p-^+^Ag^) for every G N. Note that for every /i e N the group ir'^Ag^ is 
contained in the subgroup of elements x e A^^*^^ such that Wr{x) > hwr{'K). By (TS3) 
for A^'*^' there exist constants 03,5 and 04,5 such that for every element z in 77^^(1 — 

T^^)Aj^ (resp. A^*^(oo) [xi]'^ n tt'^ A^^ ) one has 

rvE(^fe)^^((l - lf)-\z)) > wr{{l - lf)-\z)) -N> wr{z) - Cs,s - N 
and, respectively, 

rVE(^fe)^^((l - 7f )(^)) > wr{{l - ^f){z)) -N> wr{z) + c,,s - N. 

Smcewriz) > rv|^(^), we conclude that VE(-Sfe)^^((l-7r)"H-2)) > v|^(^)-^2^ 
and VE(^fe)^^((l - lf){z)) > v|^(^) + Hence, (vn) and (vin) follow. 



Similarly, given a i?-algebra 5" as in 2.1, for every i = 1,..., d let A's^'\oo) := 



UnAo 



and let A^^*^(oo) be the closure of 



Ag*^*'*(cxD) in Ag^ for the weak topology. Note that since i > 1 the ring A^'''(oo) contains 
the closure for the weak topology of U^A^/ [xq] ^" which is Ay^ by [AB, Cor. 4.13]. 



Then, A^g\oo) 0^ A^ maps to A^''*''(oo) and the image is dense for the weak topol- 
ogy. Recall that As^ ® Av '^v injects and is dense in A^^ and As <S>Av Ay injects 
and is dense in A^ by 2.12. Hence, for every i = 1, . . . ,d we may base-change t^*|^ 
via Ay and complete with respect to the weak topology. We obtain a map 



(^) 



f{i) _ Ai) . A ' 



A'^«(oo) [x,y. 



7.12 Proposition. The analogues of the statements (i)-(vhi) of 7.11 hold for A'g 



the rings A'g^^\oo) [xi] 



and the maps t 



Proof: The proposition follows from 7.11, from the construction of tm and density 



arguments. For (vi) note that A^jJ^^ ®^(o,r] A^'^^ maps to Ag^(°'^l and has dense image 
for the w^-adic topology by 2.12(d). 



7.13 Lemma. We have Al" ° 



= A5 and {A'sJ 



(,Q — ±,...,(,(J — ± 



= A' 
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Proof: By [AB, Cor. 4.13] the monomials {[a;o]^ [xd\^}o<ai<p^ form an A5- 

r 1 1 -| ~ 

basis of (p~'^{As) = A5 [xq] ^ , . . ., [xd] ^ and □^(^""■(Ag) is dense in As^ for the 
weak topology. In particular, U„(/7~"^(A5)'^o =i'---''^o ^-"^ is dense in A g° g^j^^ 

U„(/7~"'(As A-^^)*o '=i'---'*o '=1 is dense in (A'^ ivv^o ^ respectively. From 

the fact that Tq^ {[xi]p^) = for < ck < p", we get that nf^QA^'''(oo) = A5 is dense 

in Ag°^ ' "' ° and As®Av -^v dense in (A^ ] ° ' ■ ' ° respectively. The 
conclusion follows from 2.12. 



7.14 The operators Tm and tm on r)-niodules. Let S be as in 2.3. Let M be a Zp- 
representation of Gs- If M ^ ©f^^ Zp/p'^'Zp, then M (g)Zp A^ = A^© Li ^r/p^'^r 
and on the latter we have the product topology considering on A-^ the weak topology. 
Recall that we have defined S(M) = (M^z^A^)'^^ and D(M) := (M ©z^ A;^)"''. 
We then define the weak topology on !D(M) and D(M) to be the topology induced from 
the inclusions S(M) C D(M) C M <S)Zp A^- 

Assume first that M ^ (Z/p^+^Z)". Since A := A^/p^+^A^ satisfies (TSl)- 
(TS4) due to 7.11&7.12(vii), we may apply 7.6 and define the operators Tm (resp. tm) 
on S)(M) and on D(M) and we get decompositions 

S(M) := S^(M)©S^)(M)©---©S^)(M) 

and 

D(M) :=D^(M)©D(^)(M)©---©D(^)(M). 

By devissage we get the operators Tm (resp. tm) on D{M) and on D(M) and the 
decomposition above for any torsion ^^-representation M. 

If M is torsion free, S(M) := lim I){M/p''M) and D(M) := lim D(M/p'"M) 

oo< — n oo< — n 

by 2.16. Using the construction for the torsion case and passing to the limit, we get the 
operators Tm (resp. tm) on 'S){M) and on D(M) and the decomposition above. 

7.15 Proposition. Let S be as in 2.3 and let M be a Zp-representation of Qs- Then, 

1) So(M) = S)(M) and Do(M) = D(M); 

2) the operators Tm (resp. tm) on 5)(M) (resp. D{M)) are continuous for the weak 
topology; 

3) the operators Tm (resp. tm) preserve S)^(M) (resp. D'^{M)). In particular, we have 

I)\m) := i)l,iM) © e • • • © I)1^^'^\M) 

and 

Dt (M) := D|„(M) © Dt;(i) (M) © ■ ■ ■ © Dt;^'^) (M) , 
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where the modules on the right hand side are dehned as in 7.6; 

4) if 7f" e (resp. T'^) then - 1 is bijective on S^^(M) (resp. b!^{M)) with 
continuous inverse (for the weak topology); 

5) if^f e Ts (resp. T'g) then - 1 is bijective on s]a^*^(M) (resp. d]a^*^(M); with 
continuous inverse (for the weak topology); 

6) ^1{M) = S^(M)nSt(M)^ I)U'\m) = I)^rL\M)nI)^M),BlA^'\M) = D^)(M)n 
pt(M) and BtniM) = D^(M) n Dt(M). In particular, S)S(M) = S)t(M) and 
dJ(M) = Dt(M). 

Proof: Since —1 = (7^ —1) (^^=0 ~^ t > it suffices to prove the bijectivity 

and the existence of a continuous inverse in (4) and (5) for n ^ 0. Assuming (3), we 
have I)U^{M) = S^^(M) n ©^(m) and bU'\m) = W {M) n Dt(M). Then, (4) and 
the bijectivity in (5) imply the existence of a continuous inverse in (5). Claim (6) follows 
from the others. For every m and n e N the maps 



and 



(/7"(g)l:D(M) ® A'g^D(M), O 1: D+(M) ® a2^D+(M) 

A'o A'''' 

are isomorphisms by 2.16(i). It follows from 7.11 and 7.12(iv) that ((/j"^ ® l) o 



Tm^ o (9?"" 1) and (99" 1) o r^^_,_^ = tm o (v'" ® l) and that ® 1 defines an iso- 
morphism from Dm+niM) (g)^^ As (respectively from D^^_^_^{M) A5, respectively 
from D^+„(M) (g)^, A'^, respectively from D^''^^(M) (g)^^ A5) to S)m^(M) (respectively 

S^^(M), D^(M), D^A^(M)). Hence, it suffices to prove claims (2), (4) and (5) for m > 
to deduce it for every m G N. 

Since S(M) := lim ^{M/p^M) and D(M) := hm I){M/p^M) by 2.16 and the op- 

oo< — n oo< — n 

erators Tm"* (resp. ) are constructed on each T){M /p^M) (resp. D(M/p"'M)) passing 
to the limit, to prove (1), (2) and (4) one may assume that M is a torsion representation. 
By devissage one may also assume that M is a free Z/p^+^Z-module for some AT e N. 
Note that Tm and tm commute with the Galois action and are compatible with exten- 
sions ^oo C Too and S'^ C by 7.11 and 7.12. Due to 2.11, 2.12 and 2.13 and etale 
descent, it then suffices to prove (1), (2) and (4) passing to an extension C T^o in R 
finite, etale and Galois after inverting pi. e., for (M(8)Zp A^^) ^ instead of 2)(M) and 

- — - . — - 

(M ^r) instead of D(M). We may then assume that Tiy, and hence act triv- 
ially on M. Claim (1) follows then from 7.13. Claim (2) follows from 7.11(ii) and 7.12(ii). 
Claim (4) for m > follows from 7.7 since A := A-^/p^+^A^ satisfies (TS1)-(TS4). 
This concludes the proof of (1), (2) and (4). 

If M is a torsion representation, then (3) and the bijectivity in (5) follow from 2.16(ii'). 
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Assume that M is free of rank n. Thanks to 2.11, 2.12 and 2.13 and etale descent wc may 
pass to an extension C Tqo in R finite, etale and Galois after inverting p. By [AB, 
Thm. 4.40] there exists such an extension C so that D^{M) (8)^t A^ is a free 

A^-module of rank n. Fix a basis {ei, . . . , Cn} and choose r E Q>o such that these 
elements lie in M (8)z A^'^'K By 2.16(in') we have M (g)z aL = aIci © ■ ■ ■ Alcn- For 
every s < min{r,rT}, sec 7.11(vi)&7.12, let Ws := M(^ZpA^''K Define S(°'*](M) := 
Wj^^ and D(°'^](M) := W^-^ . Then, ©^(m) = U,S(°'^1(M) and Dt(M) = UsD(°'^](M). 
Note that A^'"^ satisfies (TS1)-(TS4) by 7.11(vi)&7.12. Hence, the operators r^^ 

(resp. tm) preserve 2)^°'*](M) (resp. D(°'*](M)) and we further have decompositions 
$,(0,s] := T)^^''^ (M) ® (M) e • • • e S^'"!'^'^^ (M) 

and 

by 7.6. This proves (3) in the overconvergent case. It follows from 7.7 that if ■jf G Ts 
(resp. r's) then -ff - 1 is bijective on ©^"'^''^'^(M) (resp. D^'^^'^'^(M) for m > 0. We 
conclude that the bijectivity in (5) holds. Claim (5) follows. 

We deduce from 7.7, 7.8 and 7.15 the following theorem which summarizes the results 
proven so far: 

7.16 Theorem. The natural maps 

R^{TsMM)) > H-(rs,S(M)) > (^6?s,M | A;^^ , 

H-(r'5,D(M)) >R^{r'sMM)) (gs,m^a^^ , 

H"(r5,S)UM)) .H"(rs,St(M)) .H" (gs,M^A^ 

H"(r5,Dt(M)) .H"(r5,Dt(M)) .H" (gs,M®A^ 



and 



are all isomorphisms. 
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8 Appendix II: Artin— Schreier theory. 

The aim of this section is to prove the following: 



8.1 Proposition. The map Lp — 1 on A-^, A^, A-^ and A^ is surjective and its kernel 
is Zp. Furthermore, the exact sequence 

> Zp > A;^ > (8.1.1) 

admits a continuous right splitting cr:A^ — > A-^ (as sets) so that a"(A-^) C A-^, 
.(A^)cA^a.da(A^)cA^. 

Proof: Note that by [AB, Prop. 4.3] we have <^(Ag'''') C A^'"^^^^ and <^(A?'''') C 

^ Ft ^ R ^ Ft ^ 

A^'^'/P^ so that ((f - 1)(A4) C a4 and ((p - 1)(a4) C A^- We know from 2.10 that p 

Ft Ft Ft Ft it 

is a regular element of A^^ and A^^ and that A^/pA^ — Fr^ and A-^/pA-^ — E^. In 
particular, to prove that — 1 on A-^ and A-^ is surjective and its kernel is Zp, it suffices 
to prove that the kernel of <^ — 1 on is Fp and that <^ — 1 is surjective on E-^ and 
on E;^. Since E^^ is an integral domain by 2.6(5), the kernel of <^ — 1 is Fp. The other 
claim follows from 8.1.1. 

Since A^ = A^ fl aJ-, to conclude that up — 1 is suriective on A— and on A—, it 

R ^ R _ J -R RZ 

suffices to prove that for every x G aL. the solutions y G A-^ of [ip — l){y) — x lie in aL. 
Since any such solutions differ by an element of Zp and the latter is contained in A^, 
it suffices to show that <^ — 1 is surjective on a1-. Let z G A^- and choose r G Q>o so 

Ft Ft 

that z G A^'^^ Write z = Ylki^klp'' with Zk G E^^. Then, putting c = min{— 1, Wr{z)}, 
we have rv^izk) + k > dor every A; G N i. e., VE{zk) > ^7^- By 8.1.1 there exists yk G 
E;^ such that {if - l){yk) = Zk and VEiVk) = VE{zk) if ve(-2a;) > or VE(yfc) = 
^^^^ if VE{zk) < 0. In any case, v^iyk) > Hence, y := Y.kP^iVk] lies in A^'^""] 
and {(p - l){y) = z. 

8.1.1 Lemma. The map ip — 1 is surjective on E-p, Ei, E-p and Ei. Furthermore, 

^ R ^ R 

given a and b G E-^ such that — a — b we have 

( ,(Mb) ifvE(6) >0; 
Ive(6)/p ifvE(&)<0. 

Proof: Recall that E-^ := U^^^Eg (resp. Ei := Ug^Ej) and the union is taken 
over a maximal chain of finite normal extensions of E^ (resp. E^), etale after invert- 
ing 7f. Then, (E;^, Z/pZ) = and Hi,(E+,Z/pZ) = 0, Rl{ip-^ {^),Z/pZ) = 
and Hg^((/7~°°(E+), Z/pZ) = 0. By Artin-Schreier theory E-^/((/7 — 1)E;^ injects in 
B.l^^{Er^,Z/pZ) and, hence, it is zero. Analogously, Ei/((/? — l)Ei = 0. This im- 
plies that (^-~(E^)/(^ - 1)(^— (E^)) = and (^-~(E+)/((^ - l)(vp-°°(E+)) = 0. 
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By 2.6 the ring E± is the 7f-adic completion of (/3~°°(E±) and E^ = Ei[7f~-^]. In 
particular, E^ = (p~°°{'Er^) + TfEi and we are left to prove that given a power se- 
ries b = Yln=i ^nTf" with {bn}n in wc Can solve the equation {(p — l)(a) = b. 
It suffices to find {an}n in such that 7f^^~-'^^"'a^ — = bn- Indeed, if we 
put a := '^nTr", then {(p — l)(a) = b. Given bn G (p~°°(E^) there exists S^o and m 
such that bn E (/?-'^(eJ). But EJ and (eJ) are 7r~adically complete and sep- 
arated, the equation 7f(p~^)"X^ — X = 6^ in the variable X has 1 as derivative and 
admits bn as solution modulo W. By Hensel's lemma it admits a unique solution a„ 
in Lp~'^ (Eg ) ■ The first part of the lemma follows. 

Assume that — a = b. Then, the properties of v^^ recalled in 2.10 imply that if 
ve(o) < we have VE(a^) = pvE(a) < VE(a) and ve(6) = VE(a^ — a) = pvE(a). On the 
other hand, if VE(a) > we have VE(a^) = pvE(a) > VE(a) and VE(fe) = VE(a^ — a) = 
VE(a). The second claim follows. 



8.1.2 Lemma. For every m and n e N we have [if - 1) ([7f]'"W(E±) -|-p"'W(E±)) = 
[7f]"Wm^(Ei) +p"^W(Ei) where [tT] is the Teichmiiller hft ofW. In particular, the map 
(f — 1: A-^ A-^ is open for the weak topology. 

Proof: By construction { [tT] (Ei) + p'^MV{^^)}m,n is a fundamental system of 

neighborhoods for the weak topology on . Since 1 is linear, the first claim implies 
the second. Since {(p — l){p'^a) = p'^{(p — l)(a) for every a e W(E;^), since <^ — 1 is 
surjective on W(E±) by 8.1.1 and since W^(E±) = W(E±)/7?"*W(E±), it is enough 

R ^ R^ ^ R^ ^ R^ 

to prove that for every n we have {(p — 1) ([7f]"'Wm (E^)) = [Tfj^Wm (Ei) . Indeed, {(p — 
1)([^]"W^(E+)) C ([7f]"W^(E+)) remarking tha^((^-l)([7f]-a) = [Tfj^'-aP^- [7f]"a = 
[7f]"([7f](f-i)"aP-a). On the other hand, [7f]^W„(E±) C ((^ - l)([7f]"W^(E±)) since 
for every b e Wj„(Ei.) the equation [w]^p~^'>'^XP — X = b admits a solution modulo p 
(cf. proof of 8.1.1) and, hence, in W^(Ei) by Hensel's lemma. The lemma follows. 

^ R-^ 

8.1.3 Lemma. There exists a left inverse p as Zp-modules of the inclusion t: Zp — > A^^ 
of (8.1.1), which is continuous for the weak topology. 

Proof: Let R* be the p-adic completion of the localization of R at the generic point 
of R ®v k. We then have a map A^^ — > A;^, which is continuous for the weak topology, 
so that it suffices to construct p for R*. We may then assume that i? = i?* is a complete 
discrete valuation ring with residue field L. In particular, Ej? is a discrete valuation field 
with valuation ring E^ and Aji is a complete discrete valuation ring with uniformizer p 
and residue field E^?. 

Recall that E-^ is the union U5E5 over all finite normal extensions R G S G R, etale 
after inverting p. Let R G S he any such. Since -R is a complete discrete valuation ring. 
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also is a complete discrete valuation ring. Then, is a complete discrete valuation 
ring. For S C T C R finite normal extensions, etale after inverting p of degree ns,T, 
we get that is a finite and torsion free as E^-module, of rank ns,T'i see 2.6. By 
loc. cit. the choice of a Ej-basis of E^ determines a (/?~"^(Eg)~basis of (/7~"^(Ey) for 
every m G N and maps 

W^Et^ ^-»(E+) ® EL ^ (EL)""" - fi*»> 

(E+) 

where £s,t is a constant depending on 5 C T. We thus get an isomorphism E^^^ 
Ey^ as topological groups (for the 7f-adic topology). Since E^ is integrally closed 
in Ey , we may assume that the given E^-basis of E^ contains 1. Suppose furthermore 
that < 1. We then get a splitting of the inclusion Eg^ C Ey^ as Eg^ -modules 
such that ttEJ^ is mapped to E^^ . Consider the set of pairs {A, t) where ^ is a normal 
sub-Ei^^ -algebra of U^E^^ and t:A^ ^Roo ^ splitting of the inclusion Ejj^ C A 
as Efl^ -modules such that t fl (tT • U^E^^)^ C E^^. It is an ordered set in which 
every chain has a maximal element. Zorn's lemma implies that T has a maximal element 
which, by the discussion above, must coincide with UgEs^. We conclude that there 
exists a left inverse ^ as Ej^^ -modules of the inclusion Ej^^ C UgE^^ such that ttEJ 
is mapped to Ej^ for every S. Since E-^ (resp. Ei) is the 7f-adic completion of UgE^^ 
(resp. UgEj^) and since Ej^^ (resp. Ejj^) is yf-adically complete and separated, ^ 
extends to a left inverse C, as E^^^ -modules of the inclusion E/j^ C E-^ mapping ttE^. 
to E^^ . In particular, C, is continuous for the 7f-adic topology. 

On the other hand, recall from 2.6 that E^ = L®kkoo\T^K\ and that E^^ is the 
completion of U^E^ ( ^k" ' -^i" ; • • • ; ) topology defined by the fundamental 



system of neighborhoods {^nL ®k E^[7r^] {^J^ , ^ | • Define 

k \ J k 

as the L-linear map sending tt'^^x^ ■•■x'^ to for every (zq, zi, . . . , Zd) G Q''"'""^ such 
that (ii, . . . , id) is not equal to in (Q/Z)'^. It is well defined since {ttk, a^i, • • • , Xd\ is 
an absolute p-basis of E^. Furthermore, 8 is continuous for the yr^-topology and, hence, 
it extends to a continuous left inverse v as L-modules of the inclusion L®-k fcoo C E^^^ 
considering the yf-adic topology on E^;^ and the discrete topology on L. Finally, choose 
a left splitting r as Fp-vector spaces of Fp C L 0^ k^. 

Let b: A-^ Zp be the map sending a Witt vector (ao, . . . , a„, . . .) of A-^ = W(E-^) 
to (r o z/ o C(ao) 7 • • • , T o z/ o C(a^) ,...). It is a left inverse of the inclusion Zp C A-^ and it 
is continuous for the weak topology on A-^ and on Zp. Note that the topology induced 
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on Zp from the weak topology on A^^ is the p-adic topology. The lemma follows. 

End of the proof 8.1. With the notations of 8.1.3, let e := i. o p: — A;^. It is a 
continuous homomorphism of Zp-modules and = e. Thus, if M := Ker(e) = Im(e — 1), 
we have that M is closed in A;^ and A^^ = Zp©M. Then, {(f — 1)\m- M — > A;^ is 
bijective. It is open thanks to 8.1.2. Hence, its inverse is a continuous homomorphism of 
Zp-modules. We let a be the composite of ((<^ — 1)|m) and the inclusion M C A^^. 
It satisfies the requirements of 8.1. 
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